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Àííîòàöèÿ

Â äàííîé ñòàòüå ïðèâåäåíî ïîäðîáíîå îïèñàíèå àëãîðèòìà Âèêòîðà
Òîòà (Victor Toth) ïî âûâîäó ìåòðèêè Øâàðöøèëüäà íà îñíîâå âàðè-
àíöèîííîãî ïðèíöèïà Ãèëüáåðòà. Ïðèâåäåíû ôèçè÷åñêèå îñíîâàíèÿ
äàííîãî âûâîäà.

1 Ïàêåòû ñtensor è itensor â WxMaxima

Äëÿ òåíçîðíûõ âû÷èñëåíèé â Maxima � îòêðûòîé êîìïüþòåðíîé àë-
ãåáðàè÷åñêîé ñèñòåìå � ñóùåñòâóþò òðè ïàêåòà: atensor, ctensor è
itensor.

Ïàêåò atensor [1] èñïîëüçóåòñÿ äëÿ àëãåáðàè÷åñêèõ âû÷èñëåíèé
â ðàçëè÷íûõ àëãåáðàõ (íàïðèìåð, â àëãåáðå êâàòåðíèîíîâ). Äâà äðó-
ãèõ ïàêåòà ïðåäíàçíà÷åíû äëÿ ñèìâîëüíûõ òåíçîðíûõ ïðåîáðàçîâà-
íèé äâóõ ðàçëè÷íûõ òèïîâ: ïî êîìïîíåíòàì (ïàêåò ctensor [2]) è ñ
ïîìîùüþ èíäåêñîâ (ïàêåò itensor [3]). Â ïåðâîì ñëó÷àå òåíçîðû ïðåä-
ñòàâëåíû êàê ìàññèâû èëè ìàòðèöû, òîãäà êàê âî âòîðîì ïîä òåíçîðà-
ìè ïîíèìàþòñÿ ôóíêöèè èõ êîâàðèàíòíûõ, êîíòðâàðèàíòíûõ è ïðî-
èçâîäíûõ èíäåêñîâ. Òàêèì îáðàçîì, â ïàêåòå ctensor òàêèå òåíçîðíûå
îïåðàöèè êàê ñâ¼ðòêà èëè êîâàðèàíòíîå äèôôåðåíöèðîâàíèå ïðîèâ-
çîäÿòñÿ íåïîñðåäñòâåííî ñ ïîìîùüþ êîìïîíåíò, à â ïàêåòå itensor � ñ
ïîìîùüþ èíäåêñîâ. Åñòåñòâåííî, êàæäûé èç ýòèõ äâóõ ïîäõîäîâ èìååò
ñâîè äîñòîèíñòâà è íåäîñòàòêè. Èíäåêñíûå âûðàæåíèÿ, ïîëó÷åííûå ñ
ïîìîùüþ ïàêåòà itensor ìîãóò áûòü ïåðåâåäåíû â êîîðäèíàòíîå ïðåä-
ñòàâëåíèå ïàêåòà ctensor ñ ïîìîùüþ ôóíêöèè ic_convert.

Ïàêåò itensor ïîçâîëÿåò ïðîâîäèòü âû÷èñëåíèÿ â ôîðìàëèçìå Ëà-
ãðàíæà, à èìåííî ïîëó÷àòü óðàâíåíèÿ Ëàãðàíæà-Ýéëåðà â èíäåêñ-
íîé ôîðìå. Ïðèìåð èñïîëüçîâàíèÿ ïàêåòà itensor � ïðîãðàììà Âèê-
òîðà Òîòà [4] (ñì. òàêæå [5]) äëÿ ïîëó÷åíèÿ ñ ïîìîùüþ äåéñòâèÿ
Ýéíøòåéíà-Ãèëüáåðòà òåíçîðà Ýéíøòåéíà (óðàâíåíèé Ôðèäìàíà) è
ñôåðè÷åñêè-ñèììåòðè÷íîãî ñòàòè÷íîãî ðåøåíèÿ Øâàðöøèëüäà. Õîòÿ
ïðèìåð ñîïðîâîæäàåòñÿ ïîÿñíÿþùèìè êîììåíòàðèÿìè, íà íàø âçãëÿä,
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íåèñêóøåííîìó ÷èòàòåëþ ñëåäóåò áîëåå ïîäðîáíî ïîÿñíèòü îñíîâíûå
ìîìåíòû, êàê ñ òî÷êè çðåíèÿ ôèçèêè, òàê è ñ òî÷êè çðåíèÿ ïðîãðàì-
ìèðîâàíèÿ.

Â êà÷åñòâå ïðèìåðà èñïîëüçîâàíèÿ ïàêåòà ctensor ïðèâåä¼ì òàê-
æå òåêñò ïðîãðàììû äëÿ âûâîäà ìåòðèêè Øâàðöøèëüäà è Ðàéññíåðà-
Íîðäñòðåìà íåïîñðåäñòâåííî èç óðàâíåíèé Ýéíøòåéíà (ñì. Ïðèëîæå-
íèå). Îòìåòèì, ÷òî äëÿ ñòóäåíòîâ ìåòîäè÷åñêè áîëåå ïîëåçíî ïðîäå-
ëàòü âåñü âûâîä, â òîì ÷èñëå ïîëó÷åíèå êîìïîíåíò òåíçîðà Ýéíøòåé-
íà, ¾ðóêàìè¿, òàê êàê, ýòè ìåòðèêè � íåìíîãî÷èñëåííûå ïðèìåðû
òî÷íûõ ðåøåíèé.

2 Âàðèàöèîííûé ïðèíöèï Ãèëüáåðòà

Èçâåñòíî, ÷òî Ãèëüáåðò ïîëó÷èë óðàâíåíèÿ ãðàâèòàöèè ðàíüøå, ÷åì
Ýéíøòåéí îïóáëèêîâàë ñâîþ ñòàòüþ. Òåì íå ìåíåå, â íà÷àëå XXI âå-
êà ïîÿâèëèñü ðàáîòû, ñòðåìèâøèåñÿ îïðîâåðãíóòü óñòîÿâøóþñÿ òî÷êó
çðåíèÿ íà èñòîðèþ ýòîãî ôóíäàìåíòàëüíîãî îòêðûòèÿ. Îäíàêî, êàê
áûëî ïîäðîáíî ïîêàçàíî â ñòàòüÿõ [6, 7], àëüòåðíàòèâíîãî ìíåíèÿ íà
ýòîò ñ÷åò áûòü íå ìîæåò. Èñòîðèÿ ÿñíî ãîâîðèò, ÷òî çàðîæäåíèå ÎÒÎ
� ïëîä ðàáîòû òð¼õ ëþäåé: Ýéíøòåéíà, Ãðîññìàíà è Ãèëüáåðòà, è
óìàëèâàòü äîñòèæåíèÿ êîãî-òî èç íèõ íåêîððåêòíî è íåýòè÷íî. Õîòÿ
îïðåäåëåííûå òàéíû âñ¼ æå îñòàëèñü, â ÷àñòíîñòè, íåèçâåñòíûì áûëà
âûðåçàíà ÷àñòü çàïèñåé èç ãðàíîê ñòàòüè Ãèëüáåðòà. Îñòàâèì ýòó ïðî-
áëåìó èñòîðèêàì íàóêè è ïåðåéä¼ì íåïîñðåäñòâåííî ê ðàññóæäåíèÿì
Ãèëüáåðòà.

Ïåðâàÿ àêñèîìà Ãèëüáåðòà [8] ôîðìóëèðóåòñÿ ñëåäóþùèì îáðà-
çîì: ¾Çàêîí ôèçè÷åñêîãî ñîáûòèÿ îïðåäåëÿåòñÿ ìèðîâîé ôóíêöèåé Í
(ëàãðàíæèàíîì), àðãóìåíòû êîòîðîé òàêîâû:

gµν , gµν,l =
∂gµν
∂xl

, gµν,lk =
∂2gµν
∂xl∂xk

, qs, qs,l =
∂qs
∂xl

, (l,m, k = 1, 2, 3, 4),

(1)
ïðè÷åì âàðèàöèÿ èíòåãðàëà

∫
H
√
|g|dx1dx2dx3dx4 îáðàùàåòñÿ â íóëü

äëÿ êàæäîãî èç 14 ïîòåíöèàëîâ gµν è qs¿. Ïîä xs ïîíèìàþòñÿ íàèáîëåå
îáùèå ïðîñòðàíñòâåííî-âðåìåííûå êîîðäèíàòû (ó Ãèëüáåðòà w), gµν
� ââåäåííûå Ýéíøòåéíîì ãðàâèòàöèîííûå ïîòåíöèàëû, qs � ýëåêòðî-
äèíàìè÷åñêòèå ïîòåíöèàëû. Ìîæíî àíàëîãè÷íî èñïîëüçîâàòü è àðãó-
ìåíòû ñ êîíòðâàðèàíòíûìè èíäåêñàìè.

Äëÿ òîãî ÷òîáû â óðàâíåíèÿ ãðàâèòàöèè âõîäèëè ëèøü âòîðûå ïðî-
èçâîäíûå ïîòåíöèàëîâ gµν, ôóíêöèÿ H äîëæíà èìåòü âèä H = R+L,
ãäå R = Rµνg

µν � ñêàëÿðíàÿ êðèâèçíà ÷åòûðåõìåðíîãî ìíîãîîáðàçèÿ
(Rµν � òåíçîð Ðèìàíà), à L�ôóíêöèÿ òîëüêî ïåðåìåííûõ gµν , gµν,l , qs
è qsk. Äëÿ ïðîñòîòû Ãèëüáåðò òàêæå ïðåäïîëîæèë, ÷òî L íå çàâèñèò
îò gµν,l . Ïðè âû÷èñëåíèè âàðèàöèè äåéñòâèÿ δS =

∫
H
√
gd4x âñå ÷ëåíû,

ñâÿçàííûå ñ èçìåíåíèåì q, íåîáõîäèìî çàíóëèòü [9] (÷òî ñîîòâåòñòâó-
åò ââåäåíèþ óðàâíåíèé äâèæåíèÿ). Èç ïåðâîé àêñèîìû Ãèëüáåðòà ïðè
âàðüèðîâàíèè ïî îñòàëüíûì 10 ãðàâèòàöèîííûì ïîòåíöèàëàì gµν , ïî-
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ëó÷àåì:

δS =

∫ (
∂
√
−gH
∂gik

δgik +
∂
√
−gH
∂gik,l

δ
∂gik

∂xl
+
∂
√
−gH

∂gik,lm
δgik,lm

)
, (2)

îòêóäà ïî òåîðåìå Ãàóññà, ïîëàãàÿ íà ãðàíèöàõ èíòåãðèðîâàíèÿ δgik= 0,
ñëåäóþò 10 äèôôåðåíöèàëüíûõ óðàâíåíèé Ëàãðàíæà, êîòîðûå Ãèëü-
áåðò íàçâàë ¾îñíîâíûìè óðàâíåíèÿìè ãðàâèòàöèè¿[8]:

∂
√
gH

∂gµν
−
∑
k

∂

∂wk

∂
√
gH

∂gµν,k
+
∑
k,l

∂2

∂wk∂wl

∂
√
gH

∂gµν,kl
= 0, (µ, ν = 1, 2, 3, 4).

(3)
Ëåãêî ïðîâåðèòü, ÷òî âàðèàöèîííûé ïðèíöèï Ãèëüáåðòà ïðèâîäèò
ê óðàâíåíèÿìè Ýéíøòåíà. Äåéñòâèòåëüíî, âû÷èñëèì âàðèàöèþ äåé-
ñòâèÿ δ

∫
R
√
−gd4x:

δS = δ

∫
d4x
√
−gR = δ

∫
d4x
√
−ggµνRµν =

=

∫
d4x
√
−g
(
δgµνRµν +

δ
√
−g√
−g

R+ gµνδRµν

)
. (4)

Ðàññìîòðèì âàðèàöèþ δ
√
−g. Ïðåæäå âñåãî, äîêàæåì òîæäåñòâî:

δdetA = δASp(A−1δA), ãäå A � ïðîèçâîëüíàÿ ìàòðèöà. Äëÿ ýòîãî
ðàññìîòðèì âàðèàöèþ ëîãàðèôìà (ñì., íàïðèìåð, [10, 11]): δ ln detA:

δ ln detA = ln det(I +A−1δA) = ln(1 + SpA−1δA) = SpA−1δA. (5)

Äàëåå, âàðüèðóÿ åäèíè÷íóþ ìàòðèöó, ¾õèòðî çàïèñàííóþ¿ â âèäå gαβg
ασ,

ïîëó÷àåì: δgαβg
ασ + gαβδg

ασ = 0 (àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî
δgµν = −gµαgνβδgαβ). Ñëåäîâàòåëüíî, δgαβgασ = −gαβδgασ.

Òàêèì îáðàçîì,

δ
√
−g = − 1

2
√
−g

δg = − 1

2
√
−g

ggαβδgαβ = −1

2

√
−ggαβδgαβ . (6)

Òðåòüå ñëàãàåìîå â óðàâíåíèè (4) íå äàñò âêëàäà â êîíå÷íûå óðàâ-
íåíèÿ, òàê êàê ñâîäèòñÿ ê èíòåãðàëó îò ïîëíîé äèâåðãåíöèè (ñì., íà-
ïðèìåð, [9, 10]). Òàêèì îáðàçîì,

δS = δ

∫
d4x
√
−gR =

∫
d4x
√
−g
(
Rµν −

1

2
Rgµν

)
δgµν . (7)

Â ñêîáêàõ îáðàçîâàëñÿ òåíçîð Ýéíøòåéíà. Èç ïðèíöèïà íàèìåíü-
øåãî äåéñòâèÿ äëÿ ñóììû âàðèàöèé δS + δSm, ãäå Sm � äåéñòâèå
ìàòåðèè, ìîæíî ïîëó÷èòü óðàâíåíèÿ Ýéíøòåéíà â èõ òðàäèöèîííîé
ôîðìå. Â ïóñòîì ïðîñòðàíñòâå, êàê ñëåäóåò èç óðàâíåíèÿ (7), ââèäó
ïðîèçâîëüíîñòè âàðèàöèè δgµν , Rµν − 1

2
Rgµν = 0.
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3 Àëãîðèòì Âèêòîðà Òîòà äëÿ âûâîäà

ìåòðèêè Øâàðöøèëüäà èç âàðèàöèîííî-

ãî ïðèíöèïà Ãèëüáåðòà

Ðåøåíèå Øâàðöøèëüäà � èñòîðè÷åñêè ïåðâîå òî÷íîå ðåøåíèå óðàâ-
íåíèÿ Ýéíøòåéíà � îïèñûâàåò ãåîìåòðèþ ïðîñòðàíñòâà-âðåìåíè âî-
êðóã íåçàðÿæåííîãî ñôåðè÷åñêè-ñèììåòðè÷íîãî èñòî÷íèêà. Ìåòðè-
êó Øâàðöøèëüäà ìîæíî âûâåñòè ïðÿìî èç âàðèàöèîííîãî ïðèíöèïà
Ãèëüáåðòà è íå ïåðåõîäÿ ê óðàâíåíèÿì Ýéíøòåéíà.

Ðàçáåð¼ì íåïîñðåäñòâåííî äåéñòâèÿ àëãîðèòìà [5]. Ïîÿñíèì ïîøà-
ãîâî, ÷òî äåëàåò êàæäàÿ èç îïèñàííûõ ïðîöåäóð.

Äëÿ íà÷àëà íåîáõîäèìî ïîäêëþ÷èòü ïàêåòû äëÿ òåíçîðíûõ âû-
÷èñëåíèé ctensor è itensor.

(%i1) if get('ctensor,'version)=false then load(ctensor);

%i1 Ïîäêëþ÷àåò ïàêåò ctensor (åñëè åù¼ íå ïîäêëþ÷åí) äëÿ òåí-
çîðíûõ âû÷èñëåíèé

(%i2) if get('itensor,'version)=false then load(itensor);

%i2 Ïîäêëþ÷àåò ïàêåò itensor (åñëè åù¼ íå ïîäêëþ÷åí) äëÿ ñèì-
âîëüíûõ âû÷èñëåíèé ñ òåíçîðíûìè èíäåêñàìè.

Äàëåå ìû äîëæíû ñêîíñòðóèðîâàòü òåíçîð Ðèìàíà. Äëÿ ýòîãî
Â. Òîò îïðåäåëÿåò âñïîìîãàòåëüíûé ñèììåòðè÷íûé òåíçîð.

(%i3) remsym(g,2,0);

remsym(g,0,2);

remsym(gg,2,0);

remsym(gg,0,2);

remcomps(gg);

imetric(gg);

%i3 Óáèðàåò âñå ñèììåòðèè èç òåíçîðîâ g è gg ñ 2ìÿ êîâàðèàíòíû-
ìè èíäåêñàìè; àíàëîãè÷íî ñ 2ìÿ êîíòðâàðèàíòíûìè. Î÷èùàåò êîìïî-
íåíòíûå çíà÷åíèÿ òåíçîðà gg. Îáúÿâëÿåò òåíçîð gg ìåòðèêîé.

(%i9) icurvature([a,b,c],[e])*gg([d,e],[])$

%i9 Óìíîæàåò òåíçîð êðèâèçíû (Ðèìàíà) ñ êîìïîíåíòàìè Reabc
íà ìåòðè÷åñêèé òåíçîð ggde. (Îñóùåñòâëÿåì ïåðåõîä îò ñìåøàííûõ
êîìïîíåíò òåíçîðà êðèâèçíû ê êîâàðèàíòíûì.)

(%i10) contract(rename(expand(%)))$

%i10 Ñâîðà÷èâàåò ïî ïîâòîðÿþùèìñÿ èíäåêñàì e ïðåäûäóùåå âû-
ðàæåíèå, ïðåäâàðèòåëüíî îñóùåñòâèâ óïðîùåíèå è çàìåíèâ íåìûå èí-
äåêñû (Ôóíêöèÿ expand ¾óëó÷øàåò¿ ðàáîòó ôóíêöèè ñîntract).

(%i11) %,ichr2$

%i11 Ïîäñòàâëÿåò â êîâàðèàíòíûé òåíçîð êðèâèçíû ÿâíûå âûðà-
æåíèÿ äëÿ ñèìâîëîâ Êðèñòîôôåëÿ.

ichr2 � Cèìâîëû Êðèñòîôôåëÿ âòîðîãî ðîäà ichr2kij = gks(gis,j +
gjs,i − gij,s)/2, ãäå çàïÿòîé îáîçíà÷åíà ÷àñòíàÿ ïðîèçâîäíàÿ gis,j =
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∂gis/∂x
j .

(%i12) contract(rename(expand(%)))$

%i12,14,18 òî æå, ÷òî è %i10 äëÿ %i11.

(%i13) canform(%)$

%i13 Óïðîùàåò âûðàæåíèå, ñâîðà÷èâàÿ ïî íåìûì èíäåêñàì.

(%i14) contract(rename(expand(%)))$

(%i15) components(gg([a,b],[]),kdels([a,b],[u,v])*g([u,v],[])/2);

%i15 Ïðèñâàèâàåò êîìïîíåíòàì ìåòðè÷åñêîãî òåíçîðà gg ïîëîâèíó
çíà÷åíèÿ δu,va,b · gu,v, ãäå δ � ñèììåòðè÷íàÿ ñâ¼ðòêà ñ ñèìâîëàìè Êðî-
íåêåðà: δu,va,b = δuaδ

v
b − δvaδub . (Ñèììåòðèçóåò ìåòðè÷åñêèé òåíçîð.)

(%i16) components(gg([],[a,b]),kdels([u,v],[a,b])*g([],[u,v])/2);

%i16 Òî æå ñ âåðõíèìè èíäåêñàìè.

(%i17) %th(4),gg$

%i17 Ïîäñòàâëÿåò â âûðàæåíèå %i14 ìåòðè÷åñêèé òåíçîð.

(%i18) contract(rename(expand(%)))$

(%i19) contract(rename(expand(%)))$

%i19 Óïðîùàåò.

(%i20) imetric(g);

%i20 Îáúÿâëÿåò òåíçîð g ìåòðèêîé.

(%i21) contract(rename(expand(%th(2))))$

(%i22) remcomps(R);

%i22 Î÷èùàåò êîìïîíåíòû R.

(%i23) components(R([a,b,c,d],[]),%th(2));

(%i24) g([],[a,b])*R([a,b,c,d])*g([],[c,d])$

%i24 Còðîèò ñêàëÿðíóþ êðèâèçíó gabRabcdg
cd è óïðîùàåò.

(%i25) contract(rename(canform(%)))$

(%i26) contract(rename(canform(%)))$

(%i27) components(R([],[]),%);

(%o27) done

(%i28) decsym(g,2,0,[sym(all)],[]);

%i28 Îáúÿâëÿåò ñèììåòðèþ äëÿ 2õ êîâàðèàíòíûõ êîîðäèíàò òåí-
çîðà g (gab = gba).

(%i29) decsym(g,0,2,[],[sym(all)]);

%i29 Îáúÿâëÿåò ñèììåòðèþ äëÿ 2õ êîíòðâàðèàíòíûõ êîîðäèíàò
òåíçîðà g (gab = gba).
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(%i30) ishow(1/(16*%pi*G)*((2*L+'R([],[])))*sqrt(-determinant(g)))$

%i30 Çàïèñûâàåò ëàãðàíæèàí (ïîêàçûâàåò ðåçóëüòàò). Â äàííîì
ñëó÷àå ïîä L ïîíèìàåòñÿ Λ-÷ëåí (ïðè âûâîäå ïîòåíöèàëà Øâàðö-
øèëüäà, âïðî÷åì, îí äàëåå ïîëàãàåòñÿ ðàâíûì íóëþ).

(%i31) L0:%,R$

%i31 Ïîäñòàâëÿåò â ëàãðàíæèàí çíà÷åíèå êîìïîíåíò ñêàëÿðíîé
êðèâèçíû.

(%i32) canform(contract(canform(rename(contract(expand(diff(L0,g([],[m,n]))-

idiff(diff(L0,g([],[m,n],k)),k)+idiff(rename(idiff(contract(

diff(L0,g([],[m,n],k,l))),k),1000),l)))))))$

%i32 Âû÷èñëÿåò ñëåäóþùåå âûðàæåíèå:

∂L

∂gµν
− ∂

∂xk
∂L

∂gµν,k
+

∂2

∂xl∂xk
∂L

∂gµν,k,l
.

÷òî ñîîòâåòñòâóåò 10 óðàâíåíèÿì, êîòîðûå áûëè âïåðâûå ïîëó÷åíû
Ãèëüáåðòîì íà îñíîâå âàðèàöèîííîãî ïðèíöèïà (3).

(\% i33)ishow(e([m,n],[])=canform(%*16*%pi/sqrt(-determinant(g))))$

% i33 Ïðèñâàèâàåò òåíçîðó eµν çíà÷åíèå ïðåäûäóùåãî âûðàæåíèÿ,
óìíîæåííîãî íà 16π

√
−det(g), ïðåäâàðèòåëüíî åãî óïðîñòèâ ñ ïîìî-

ùüþ ôóíêöèè canform. Ïîêàçûâàåò ðåçóëüòàò (ishow).

(%i34) EQ:ic_convert(%)$

%i34 Ïðèñâàèâàåò EQ ïðåäûäóùåå âûðàæåíèå, ïðåäâàðèòåëüíî ïðå-
îáðàçîâàâ åãî â âûðàæåíèå, ïîíÿòíîå ïàêåòó ctensor (ò.å. èç èíäåêñ-
íîãî âûðàæåíèÿ â êîìïîíåíòíîå).

(%i35) ct_coords:[t,r,u,v];

%i35 Ïåðåîïðåäåëÿåò êîîðäèíàòû â âèäå t,r,u,v (ïîä u è v ïîíèìà-
þòñÿ êîîðäèíàòû θ è ϕ ).

(%i36) lg:ident(4);

%i36 Îïðåäåëÿåò ìåòðè÷åñêèé òåíçîð â âèäå åäèíè÷íîé ìàòðèöû.

(%i37) lg[1,1]:B;

lg[2,2]:-A;

lg[3,3]:-r^2;

lg[4,4]:-r^2*sin(u)^2;

%i37 Ïðèñâàèâàåò êîìïîíåíòàì ìåòðèêè ñëåäóþùèå çíà÷åíèÿ: g11 =
B, g22 = −A, g3,3 = −r2, g4,4 = −r2 sinu2.

(Áóäåì èñêàòü ìåòðèêó â âèäå ds2 = Bdt2−Adr2−r2dθ2−r2 sin2 θdϕ2,
ãäå A è B ôóíêöèè òîëüêî êîîðäèíàòû r.

Ìåòðèêó ìîæíî òàêæå èñêàòü â âèäå (ñì., íàïðèìåð, [11])

ds2 = e2νdt2 − e2λdr2 − e2µ(dθ2 + sin2 θdϕ2), (8)

ãäå ν, λ è µ ôóíêöèè òîëüêî îäíîé êîîðäèíàòû r. Î÷åâèäíî, â ýòîì
ñëó÷àå µ = ln r. Êîýôèöèåíòû "2"âûáðàíû äëÿ óäîáñòâà äàëüíåéøèõ
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âû÷èñëåíèé (ñ òåì æå óñïåõîì ìîæíî áû áûëî èñêàòü ðåøåíèå â
âèäå ds2 = eνdt2 − eλdr2 − r2dΩ2, ãäå dΩ2 = dθ2 + sin2 θdϕ2). Êî-
âàðèàòíûå/ñìåøàííûå êîìïîíåíòû òåíçîðà Ðè÷÷è è òåíçîðà Ýéí-
øòåéíà ìîæíî ïîëó÷èòü è âûâåñòè íà ýêðàí â wxMaxima ñ ïîìîùüþ
ôóíêöèé ricci(true)/uricci(true) è leinstein(true)/einstein(true)
ïîñëå òîãî, êàê çàäàíà ìàòðèöà ìåòðè÷åñêîãî òåíçîðà lg (cì, â êà-
÷åñòâå ïðèìåðà Ïðèëîæåíèå).

(%i41) kill(dependencies);

%i41 Ñòèðàåò èç ïàìÿòè ôóíêöèîíàëüíûå çàâèñèìîñòè.

(%i42) dependencies(A(r),B(r));

%i42 Îïðåäåëÿåò A è B êàê ôóíêöèè êîîðäèíàòû r.

(%i43) cmetric();

%i43 Ðàññ÷èòûâàåò îáðàòíóþ ìàòðèöó äëÿ ìåòðèêè è ïîäãîòàâëè-
âàåò ïàêåò ctensor äëÿ äàëüíåéøèõ âû÷èñëåíèé.

(%i44) christof(false);

%i44 Âû÷èñëÿåò ñèìâîëû Êðèñòîôôåëÿ (÷òîáû íå çàãðîìîæäàòü
âû÷èñëåíèÿ, íå âûâîäèò èõ íà ýêðàí: false).

(%i45) e:zeromatrix(4,4);

%i45 Îïðåäåëÿåò e êàê íóëåâóþ ìàòðèöó 4× 4.

(%i46) ev(EQ);

% i46 Âû÷èñëÿåò çíà÷åíèÿ òåíçîðà (âûðàæåíèå EQ)ñ ó÷¼òîì âû-
øåîïðåäåëåííîé ìåòðèêè.

(%i47) E:expand(radcan(ug.e));

% i47 Ïðèñâàèâàåò E ïðîèçâåäåíèå ìàòðèö ug (îáðàòíàÿ ìåòðè-
÷åñêàÿ ìàòðèöà) è e (ïðåäûäóùåå âûðàæåíèå), ïðåäâàðèòåëüíî åãî
óïðîñòèâ. Ôóíêöèÿ radcan óïðîùàåò âûðàæåíèå, ñîäåðæàùåå ëîãà-
ðèôìû, ýêñïîíåíòû è ðàäèêàëû, ïðèâîäÿ åãî ê êàíîíè÷åñêîìó âèäó.

(%i48) exp:findde(E,2);

%i48 Ïðèñâàèâàåò exp (exp � íàçâàíèå âûðàæåíèÿ) ìàññèâ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé, ïîëó÷àåìûõ èç ïðåäûäóùåé ìàòðèöû 4× 4.

(%i49) solve(ode2(exp[1],A,r),A);

%i49 Ðåøàåò îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, ñîîòâåò-
ñòâóþùåå ïåðâîìó ýëåìåíòó ìàññèâà exp, íàõîäÿ A êàê ôóíêöèþ r:
A(r).

(%i50) %,%c=-2*M;

%i50 Ïîäñòàâëÿåò â ïðåäûäóùåå âûðàæåíèå çíà÷åíèå êîíñòàíòû,
ðàâíîå 2M . Ïîñêîëüêó ëþáàÿ íîâàÿ òåîðèÿ, ïðåòåíäóþùàÿ íà ðîëü
îáùåé, äîëæíà âêëþ÷àòü â ñåáÿ êàê ïðåäåëüíûå ñëó÷àè óæå ñóùå-
ñòâóþùèå ïðîâåðåííûå òåîðèè, èç ÎÒÎ ñ íåîáõîäèìîñòüþ ñëåäóþò
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óðàâíåíèÿ Íüþòîíà: â ïðåäåëå r →∞ äîëæíî âûïîëíÿòüñÿ:

g00 = 1− 2MG

c2r
, (9)

ãäå âòîðîå ñëàãàåìîå ñîîòâåòñòâóåò íüþòîíîâñêîìó ïîòåíöèàëó.
Â åñòåñòâåííîé ñèñòåìå åäèíèö, ãðàâèòàöèîííûé ðàäèóñ, 2MG/c2,
ðàâåí 2M .

(%i51) a:%[1],%c=-2*M;

%i51 Ïðèñâàèâàåò ôóíêöèè À ðåøåíèå ñ ó÷¼òîì êîíñòàíòû (â âû-
ðàæåíèå íà øàãå íàçàä ïîäñòàâëÿåò çíà÷åíèå êîíñòàíòû).

(%i52) ode2(ev(exp[2],a),B,r);

%i52 Ðåøàåò âòîðîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, â
êîòîðîå óæå ïîäñòàâëåíî çíà÷åíèå ôóíêöèè A, îòíîñèòåëüíî ôóíêöèè
B(r).

(%i53) b:ev(%,%c=rhs(solve(rhs(%)*rhs(a)=1,%c)[1]));

%i53 Íàõîäèò âòîðóþ êîíñòàíòó èç óñëîâèÿ A ·B = 1. Ïîäñòàâëÿ-
åò ïîëó÷åííîå çíà÷åíèå â âûðàæåíèå äëÿ B, ïðèñâàèâàåò ôóíêöèè B
ðåøåíèå ñ ó÷¼òîì êîíñòàíòû.

Íà íàø âçãëÿä, çäåñü ñîäåðæèòñÿ íåêîòîðàÿ íåïîñëåäîâàòåëü-
íîñòü. Óñëîâèå A · B = 1 ñëåäóåò íåïîñðåäñòâåííî èç óðàâíåíèé
Ýéíøòåéíà (ýòî óðàâíåíèå, òî÷íåå äàæå áîëåå îáùåå, lnA(t, r) +
lnB(t, r) = f(t), ïîëó÷àåòñÿ ïðè ñëîæåíèè ïåðâûõ äâóõ óðàâíåíèé
Ýéíøòåéíà). Ïðîèçâîëüíóþ ôóíêöèþ âðåìåíè f(t) âûáèðàþò â âè-
äå íîëÿ, ïîëüçóÿñü ñâîáîäîé ïðåîáðàçîâàíèÿ âðåìåíè âèäà t = f(t′).
Óñëîâèå A · B = 1 â ñëó÷àå âûáîðà ìåòðèêè â âèäå (8) çàïèøåòñÿ,
î÷åâèäíî, â âèäå ν(r) = −λ(r). Âïðî÷åì, âòîðóþ êîíñòàíòó %i53 ìû
ìîæåì âûáðàòü êàê ðàç îïèðàÿñü íà âûøåîïèñàííóþ ñâîáîäó ïðåîá-
ðàçîâàíèé âðåìåíè.

(%i54) factor(ev(ev(exp[3],a,b),diff));

%i54 Óïðîùàåò òðåòüå äèôôåðåíöèàëüíîå óðàâíåíèå, â êîòîðîå
ïîäñòàâëåíû À è B êàê ðåøåíèÿ ïðåäûäóùèõ äèôôåðåíöèàëüíûõ
óðàâíåíèé. Óáåæäàåìñÿ, ÷òî òðåòüå óðàâíåíèå ïðè ýòîì ïðåâðàùà-
åòñÿ â òîæäåñòâî 0 = 0.

(%i55) lg:ev(lg,a,b),L=0$

%i55 Ïîäñòàâëÿåò â ìåòðè÷åñêèé òåíçîð ïîëó÷åííûå çíà÷åíèÿ ôóíê-
öèé A è B, à −Λ- ÷ëåí ïîëàãàåò ðàâíûì íóëþ.

(%i56) ug:invert(lg);

%i56 Íàõîäèò îáðàòíóþ ìàòðèöó.

(%i57) block([title: "Schwarzschild Potential for Mass M=2",M:2.],

wxplot3d([r*cos(th),r*sin(th),1-ug[1,1]],[r,5.,50.],[th,-%pi,%pi],

['grid,20,30],['z,-2,0],[psfile],['legend,title]));

%i57 Çàãîëîâîê: "ÏîòåíöèàëØâàðöøèëüäà äëÿ ìàññûM=2. Ñòðî-
èò â áëîêå 3õìåðíûé ãðàôèê x = r cos(θ), y = r sin(θ), z = 1 − g−1

11 . r
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ìåíÿåòñÿ îò 5 äî 50, θ îò −π äî π, z îò -2 äî 0, ìàññà M = 2. Ôîðìè-
ðóåòñÿ ôàéë ps, ëåãåíäà è íàçâàíèå ïîêàçàíû íà ãðàôèêå.

Ïîñëå òîãî êàê ìû íàøëè ìåòðèêó, ìîæíî çàïèñàòü âûðàæåíèå,
àíàëîãè÷íîå óðàâíåíèþ (9), ïðè ýòîì âòîðîå ñëàãàåìîå áóäåò òåïåðü
ñîîòâåòñòâîâàòü ïîòåíöèàëó Øâàðöøèëüäà.

Ïðèëîæåíèå. Ïðèìåð èñïîëüçîâàíèÿ ïà-

êåòà wxMaxima äëÿ èëëþñòðàöèè

âûâîäà ìåòðèê Øâàðöøèëüäà è

Ðåéñcíåðà-Íîðäñòð¼ìà

(%i1) kill(all);

(%o0) done

(%i1) load(ctensor);

(%o1) C : /PROGRA 1/MAXIMA 1.0/share/maxima/5.30.0/share/tensor/ctensor.mac
Ìîæíî âîñïîëüçîâàòüñÿ ôóíêöèåé csetup:

(%i2) csetup();

Enter the dimension of the coordinate system:4;
Do you wish to change the coordinate names?y;
Enter a list containing the names of the coordinates in order[t,r,theta,phi];
Do you want to
1. Enter a new metric?
2. Enter a metric from a �le?
3. Approximate a metric with a Taylor series? 1;
Is the matrix 1. Diagonal 2. Symmetric 3. Antisymmetric 4. GeneralAnswer

1, 2, 3 or 4 :
1;
Row 1 Column 1: B;
Row 2 Column 2: -A;
Row 3 Column 3: −r∧2;
Row 4 Column 4: −r∧2 ∗ sin(theta)∧2;
Matrix entered. Enter functional dependencies with DEPENDS or 'N'

if none
depends([A,B],[r]);

Do you wish to see the metric?y;


B 0 0 0
0 −A 0 0
0 0 −r2 0

0 0 0 −r2 sin (θ)2


(%o2) done
Ýòè êîìàíäû ìîæíî ââåñòè è âðó÷íóþ:

(%i3) kill(all);

(%o0) done
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(%i1) load(ctensor);

(%o1) C : /PROGRA 1/MAXIMA 1.0/share/maxima/5.30.0/share/tensor/ctensor.mac

(%i2) ct_coords:[t,r,theta,phi];

(%o2) [t, r, θ, φ]

(%i3) depends([A,B],[r]);

(%o3) [A (r) ,B (r)]

(%i4) lg:matrix([B,0,0,0],[0,-A,0,0],[0,0,-r^2,0],[0,0,0,-r^2*sin(theta)^2]);

(%o4)


B 0 0 0
0 −A 0 0
0 0 −r2 0

0 0 0 −r2 sin (θ)2


(%i5) cmetric(true);

Doyouwishtoseethemetricinverse?y;

(%t5)


1
B

0 0 0
0 − 1

A
0 0

0 0 − 1
r2

0
0 0 0 − 1

r2 sin(θ)2


(%o5) done
Ñèìâîëû Êðèñòîôôåëÿ:

(%i6) christof(mcs);

(%t6) mcs1,1,2 =
d
d r
B

2A

(%t7) mcs1,2,1 =
d
d r
B

2B

(%t8) mcs2,2,2 =
d
d r
A

2A

(%t9) mcs2,3,3 =
1

r

(%t10) mcs2,4,4 =
1

r
(%t11) mcs3,3,2 = − r

A

(%t12) mcs3,4,4 =
cos (θ)

sin (θ)

(%t13) mcs4,4,2 = −r sin (θ)2

A
(%t14) mcs4,4,3 = −cos (θ) sin (θ)
(%o14) done
Êîâàðèàíòíûå êîìïîíåíòû òåíçîðà Ðè÷÷è:

(%i15) ricci(true);

(%t15) ric1,1 =
d2

d r2
B

2A
−
(
d
d r
B
)2

4AB
−
(
d
d r
A
) (

d
d r
B
)

4A2
+

d
d r
B

rA

(%t16) ric2,2 = −
d2

d r2
B

2B
+

(
d
d r
B
)2

4B2
+

(
d
d r
A
) (

d
d r
B
)

4AB
+

d
d r
A

rA

10



(%t17) ric3,3 = −
r
(
d
d r
B
)

2AB
+
r
(
d
d r
A
)

2A2
− 1

A
+ 1

(%t18) ric4,4 = −
r sin (θ)2

(
d
d r
B
)

2AB
+
r sin (θ)2

(
d
d r
A
)

2A2
− sin (θ)2

A
+

sin (θ)2

(%o18) done
Ñìåøàííûå êîìïîíåíòû òåíçîðà Ðè÷÷è:

(%i19) uricci(true);

(%t19) uric1,1 =
2 r AB

(
d2

d r2
B
)
− r A

(
d
d r
B
)2

+
(
4A− r

(
d
d r
A
))
B
(
d
d r
B
)

4 r A2B2

(%t20) uric2,2 =
2 r AB

(
d2

d r2
B
)
− r A

(
d
d r
B
)2 − r ( d

d r
A
)
B
(
d
d r
B
)
− 4

(
d
d r
A
)
B2

4 r A2B2

(%t21) uric3,3 =
r A

(
d
d r
B
)

+
(
−r

(
d
d r
A
)
− 2A2 + 2A

)
B

2 r2A2B

(%t22) uric4,4 =
r A

(
d
d r
B
)

+
(
−r

(
d
d r
A
)
− 2A2 + 2A

)
B

2 r2A2B
(%o22) done
Êîâàðèàíòíûå êîìïîíåíòû òåíçîðà Ýéíøòåéíà:

(%i23) leinstein(true);

(%t23) lein1,1 =

(
r
(
d
d r
A
)

+A2 −A
)
B

r2A2

(%t24) lein2,2 =
r
(
d
d r
B
)

+ (1−A) B

r2B

(%t25) lein3,3 =
r
(

2 r AB
(
d2

d r2
B
)
− r A

(
d
d r
B
)2

+
(
2A− r

(
d
d r
A
))
B
(
d
d r
B
)
− 2

(
d
d r
A
)
B2
)

4A2B2

(%t26) lein4,4 =
r sin (θ)2

(
2 r AB

(
d2

d r2
B
)
− r A

(
d
d r
B
)2

+
(
2A− r

(
d
d r
A
))
B
(
d
d r
B
)
− 2

(
d
d r
A
)
B2
)

4A2B2

(%o26) done
Ñìåøàííûå êîìïîíåíòû òåíçîðà Ýéíøòåéíà:

(%i27) einstein(true);

(%t27) ein1,1 =
r
(
d
d r
A
)

+A2 −A
r2A2

(%t28) ein2,2 = −
r
(
d
d r
B
)

+ (1−A) B

r2AB

(%t29) ein3,3 = −
2 r AB

(
d2

d r2
B
)
− r A

(
d
d r
B
)2

+
(
2A− r

(
d
d r
A
))
B
(
d
d r
B
)
− 2

(
d
d r
A
)
B2

4 r A2B2

(%t30) ein4,4 = −
2 r AB

(
d2

d r2
B
)
− r A

(
d
d r
B
)2

+
(
2A− r

(
d
d r
A
))
B
(
d
d r
B
)
− 2

(
d
d r
A
)
B2

4 r A2B2

(%o30) done
Ïîëó÷èì ñòàòè÷íîå ñôåðè÷åñêè-ñèììåòðè÷íîå ðåøåíèå óðàâíåíèÿ

Ýéíøòåéíà áåç çàðÿäà.

(%i31) ode2(ev(lein[1,1],theta=%pi/2),A,r);

(%o31) log (A)− log (A− 1) = log (r) + %c
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(%i32) logcontract(%);

(%o32) log

(
A

A− 1

)
= log (r) + %c

(%i33) solve(%,A);

(%o33) [A =
e%c r

e%c r − 1
]

(áóäåì ïîëüçîâàòüñÿ ãðàíè÷íûìè óñëîâèÿìè äëÿ îïðåäåëåíèÿ êîí-
ñòàíò, ïðè ýòîì äëÿ óäîáñòâà âû÷èñëåíèé G=c=1)

(%i34) %,%c=-log(2*M);

(%o34) [A =
r

2
(

r
2M
− 1
)
M

]

(%i35) A:%[1],%c=-log(2*M);

(%o35) A =
r

2
(

r
2M
− 1
)
M

(%i36) ode2(ev(lein[2,2],A),B,r);

(%o36) B = %c e
−2

(
log(r)
2M

− log(r−2M)
2M

)
M

(%i37) logcontract(%);

(%o37) B = −%c (2M − r)
r

(Èñïîëüçóåì ãðàíè÷íûå óñëîâèÿ AB=1, îòêóäà íàéä¼ì êîíñòàíòó
%ñ. Çàòåì ïîëó÷åííîå çíà÷åíèå ïîäñòàâèì â ïðàâóþ ÷àñòü óðàâíåíèÿ
âûøå, ÷òîáû ïîëó÷èòü ôóíêöèþ Â)

(%i38) B:ev(%,%c=rhs(solve(rhs(%)*rhs(A)=1,%c)[1]));

(%o38) B = −2M − r
r

Ïðîâåðèì, óäîâëåòâîðÿþò ëè ïîëó÷åííûå ôóíêöèè À è Â òðåòüåìó
óðàâíåíèþ:

(%i39) factor(ev(ev(lein[3,3],A,B),diff));

(%o39) 0
Òàêèì îáðàçîì, ìåòðè÷åñêèé òåíçîð Øâàðöøèëüäà (1916)):

(%i40) lg:ev(lg,A,B);

(%o40)


− 2M−r

r
0 0 0

0 − r

2 ( r
2M
−1)M

0 0

0 0 −r2 0

0 0 0 −r2 sin (θ)2


(%i41) ug:invert(lg);

(%o41)


− r

2M−r 0 0 0

0 − 2 ( r
2M
−1)M
r

0 0
0 0 − 1

r2
0

0 0 0 − 1
r2 sin(θ)2
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Âûâåäåì òåïåðü ìåòðèêó ñ ó÷¼òîì çàðÿäà. Áóäåì ñ÷èòàòü, ÷òî òåí-
çîð ýíåðãèè-èìïóëüñà óæå èçâåñòåí.

(%i1) kill(all);

(%o0) done

(%i1) load(ctensor);

(%o1) C : /PROGRA 1/MAXIMA 1.0/share/maxima/5.30.0/share/tensor/ctensor.mac

(%i2) ct_coords:[t,r,theta,phi];

(%o2) [t, r, θ, φ]

(%i3) depends([A,B],[r]);

(%o3) [A (r) ,B (r)]

(%i4) lg:matrix([B,0,0,0],[0,-A,0,0],[0,0,-r^2,0],[0,0,0,-r^2*sin(theta)^2]);

(%o4)


B 0 0 0
0 −A 0 0
0 0 −r2 0

0 0 0 −r2 sin (θ)2


(%i5) cmetric();

(%o5) done

(%i6) christof(false);

(%o6) done

(%i7) uricci(false);

(%o7) done

(%i8) einstein(false);

(%o8) done

(%i9) solve(ode2(ein[1,1]=q^2/r^4,A,r),A);

(%o9) [A =
r2

r2 −%c r + q2
]

(%i10) %,%c=2*M;

(%o10) [A =
r2

−2 rM + r2 + q2
]

(%i11) A:%[1],%c=2*M;

(%o11) A =
r2

−2 rM + r2 + q2

(%i12) solve(ode2(ev(ein[2,2],A)=q^2/r^4,B,r),B);

(%o12) [B = −2 %c rM −%c r2 −%c q2

r2
]

(îïÿòü æå èç ãðàíè÷íûõ óñëîâèé)

(%i13) %,%c=1;
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(%o13) [B = −2 rM − r2 − q2

r2
]

(%i14) B:%[1],%c=1;

(%o14) B = −2 rM − r2 − q2

r2

(%i15) expand(B);

(%o15) B = −2M

r
+
q2

r2
+ 1

(%i16) factor(ev(ev(ein[3,3]+q^2/r^4,A,B),diff));

(%o16) 0
Ìåòðèêà Ðåéññíåðà (1916)-Íîðäñòð¼ìà (1918):

(%i17) lg:expand(ev(lg,A,B));

(%o17)


− 2M

r
+ q2

r2
+ 1 0 0 0

0 − r2

−2 rM+r2+q2
0 0

0 0 −r2 0

0 0 0 −r2 sin (θ)2


(%i18) ug:expand(invert(lg));

(%o18)


1

− 2M
r

+ q2

r2
+1

0 0 0

0 2M
r
− q2

r2
− 1 0 0

0 0 − 1
r2

0
0 0 0 − 1

r2 sin(θ)2
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