HYDROGENZ2SB.MAC, CORRECTED,
FROM STEEB & HARDY CH.26

0.1 This script allows to find energy levels of Hydrogen
atom from Schroedinger equation, and here we illus-
trate how to use physical constants in Maxima

(%11) load (physical_constants);
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(%0l) Jusr/share/maxima/5.32.1/share/ezunits/physical _constants.mac

Let us use notation from S.Fluegge “Practical Quantum Mechanic”, vol.1, prob-
lem 61. Kepler’s problem for infinetely heavy point-like nucleus of charge Z. For
Z=1 we have hydrogen atom. Denote:

(%i2) 2#mO*E/hb~2 = -Ygamma~2;
2mOE
W
here hb denotes h, i.e. Planck constant divided by 27. Let

(%02)

(%13) kappa = Z*e0~2*m0/ (%gamma*hb~2) ;

e0?m0 Z

(%03) k= e



Now for usual substitution in wavefunction u(r, 8, ¢) to separate variables:
(%i4) wu = (1/r) * chi(r) * Ylm(theta,phi);

Ylm (0
we write the Schroedinger equation as (with y in place of x):

(%i5) °’diff(y, r, 2) + (-%gamma“2 + 2*}gammaxkappa/r-1*(1+1)/r"2)* y = 0;

2
(%05) dy+(2'7y’/i_l(l+1)_72) y=0

dr? 72

Define orbital number I, magnetic m, and radial &, e.g.:

(%i6) 1: 1; m: O; k: 1;

(%06) 1
(%07) 0
(%08) 1

now the principal quantum number n is

(%i9) mn:k+1+1;
(%09) 3

(%i10) alpha: e0~2/(hb*c);

€02
1 -
(%010) T

alpha is fine structure constant. Now substitute a polynomial v1 and exp as an
ansatz for y, where

(%i11) vi: (sum (a [j1 *r~j, j, 1 ,k));
(%ol1) ay r

(%i12) vi: vi+l;

(%012) ayr+1

(%i13) yl: r~(1+1)%exp(-sqrt(g2)*r)*vi;

(%013) 72 (ayr + 1) e” V92"

yl is the trial function of the radial wave function. Insert the ansatz into
Schroedinger differential equation



(%i14) left: diff(yl,r,2)+(-g2+2*mO*c*alpha/(hb*r)-1%(1+1)/(r*r))*yl;
left: left*exp(sqrt(g2)*r);
left: left/r;
left: ratsimp(left);
left: num(left);
left: expand(left);
left: subst(x,sqrt(g2),left);
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,
Vg2 (6a1 hb2r+4hb2) —2a1e0°m0r —2e0?m0 —4a; hb?
hb?
(%018) — /92 (6a1 ht* r + 4 hb*) + 2 a1 0> mO7 + 2 0% M0 + 4 ay hb*
(%019) 2a1 0> mOr — 6ay /g2 hb* r + 2e0?> m0 — 4 /g2 hb* + 4 a; hb?
(%020) —6ahb®>raz —4hb* 2+ 2a1 €02 mOr + 20> m0 + 4 ay hb?

(%o17) —

(%i21) h[0]: coeff(left,r,0);
h[1]: coeff(left,r,1);
h[2]: coeff(left,r,2);
h[3]: coeff(left,r,3);
h[4]: coeff(left,r,4);

(%021) — 4 hb* x + 2e0% m0 + 4 a1 hb*
(%022) 2a; 0> m0 — 6 a1 hb* =

(%023) 0

(%024) 0

(%025) 0

(%126) s: solve ([h[0]=0, h[1]=0, h[2]=0, h[3] =0, h[4]=0],
[x,al1],a[2],a[3],al4]11);

02 m0 0% m0
ermy a1 = 0,as = %rl, a3 = %r2,a4 = %r3], [x = 63};; ,

a; =

az = %rd, ag = %rbd, as = %r6]]



(%i27) sol: last(s);

€0% m0 €02 m0
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(%128) sol: first(sol);

(%027) [z = ag = %rd, az = %rd, ay = %ro6)

e0% m0
3 hb?
(%i29) sol: rhs(sol);

(%028) =

€02 m0
3 hb?
(%i30) E_k1: -hb~2*sol*sol/2/m0;

(%029)

e0* m0
18 hb®
energy eigenvalue for k, 1

(%030) —

(%131) print ("E_k1=" ,E_k1);

Bl — _604 m0
18K
e0* m0
%031) —
(o3l) = T3

The output is the energy eigenvalue E_kl. Now we may use maxima package
”physical_constant” which has a set of many dimensional constants. It uses
package ezunits which by default employs SI. One can try demo(ezunits); dis-
play_known_unit_conversions;

We can list the constants:

(%132) propvars (physical_constant);

(%032) [%c, %omu-0, %e 0, %Z_0, %G, %h, %h_bar, %om_P, %%k, %T_P, %l_P, %t _P,

%%e, % Phi 0, % G0, %K _J,

%R_K,%mu_B, %mu_N,a, %R_inf, %a0, % E_h, %ratio_h_me, %om_e, % N_A, %om_u, % F, % R, %V _m,
%m0, %ratio_SO_R, o, %c_1, %c 1L, %c_2, %b, %b_prime]

And print some of them, e.g.

(%133) constvalue(%alpha);

(%033) 0.0072973525376



(%i34) constvalue (%c);

(%034) 299792458‘%

we may copy paste this ST value into CGS value for speed of light (adding two
orders):

(%i35) c0:29979245800;

(%035) 29979245800

(%136) constvalue (%h_bar);

41412931 ]
5
125000000000000000000000000000000000000000 7

(%036)

(%i37) float(%);

(%037) 1.054571628251774 107345 .J

we may copy paste this ST value into CGS value (7 orders difference in J and
erg):

(%138) hb:1.054571628251774e-27;

(%038) 1.054571628251774 1027

(%i39) constvalue(%%e);

1602176487 .
(%039) 10000000000000000000000000000 ¢

(%140) float(%);

(%040) 1.602176487 10~ ¢C

(%141) e0:1.602176487e-19%c0/10;

(%041) 4.80320427187535 1010

(%142) constvalue(%m_e);
(%042) 9.1093821510 3! kg
In the same way

(%i43) m0:9.10938215e-28;

(%043) 9.10938215 1028



Now we get the energy of the level in ergs

(%i44) E: ev(E_k1);

(%044) — 2.4220799671188296 102

and transform to electron-Volts (do not confuse evaluation operator ev above
with eV)

(%145) load("physconst.mac");

(%045) Jusr/share/maxima/5.32.1/share/physics/physconst.mac

(%146) float (%Ry);

1.0973731568549 107
m

(%046)

Here we get Rydberg in inverse meters. Next line gives its uncertainty:

(%i47) get(%Ry, RSU);

(%047) 7.610712

We better get Ry in eV. We must multiply electron charge e0 by one Volt,
expressed in CGS. The unit of voltage in CGS is 1 statvolt = 299.792458 volts.
(The conversion factor 299.792458 is simply the numerical value of the speed of
light in cm/s divided by 10°8). Hence,

(%148) eV0:e0/(cO*1e-8);

(%048) 1.602176487 1012

This is the value of eV in ergs, now we have the energy of our level in eV:
(%i49) E_eV:E/eVO;

(%049) — 1.511743548086928

Since Rydberg is

(%150) RyO:mO*e0~4/hb"~2;

(%050) 4.3597439408138926 10!

in ergs, and in eV

(%151) RyOeV:Ry0/eVO;

(%051) 27.2113838655647



We obtain the energy of our level in Rydbergs:

(%i52) E/Ry0;
(%052) — 0.055555555555555

It is easy to check that we get —1/(2n?) when the principal quantum number
of the level is n.



