
Âûâîä ìåòðèêè Êåððà-ÍüþìàíàÑ.È. �ëàçûðèíI. ÂâåäåíèåÌåòðèêà Êåððà-Íüþìàíà îïèñûâàåò âðàùàþùóþñÿ, çàðÿæåííóþ ÷åðíóþ äûðó. Ñîãëàñíî êíèãå [1℄�... â ëèòåðàòóðå íåò êîíñòðóêòèâíîãî àíàëèòè÷åñêîãî âûâîäà ìåòðèêè Êåððà, àäåêâàòíîãî åå �èçè÷åñêîìóñìûñëó ...� (ñàì Êåðð óãàäàë ýòî ðåøåíèå óðàâíåíèé Ýéíøòåéíà [2℄). Äðóãîé èçâåñòíûé ñïåöèàëèñò ïî ãðàâèòà-öèè [3℄ îñïàðèâàåò ýòî óòâåðæäåíèå è ïðèâîäèò âûâîä äàííîé ìåòðèêè, îñíîâàííûé íà �... ðàçóìíûõ �èçè÷åñêèõè ìàòåìàòè÷åñêèõ ïðåäïîëîæåíèÿõ ...�. Íî, ê ñîæàëåíèþ, ýòîò âûâîä ÷ðåçâû÷àéíî ñëîæåí èç-çà ãðîìîçäêèõâû÷èñëåíèé. Â 1965 ãîäó Íüþìàí è Äæåíèñ [5℄ ïðåäëîæèëè íåêîòîðûé ìàòåìàòè÷åñêèé òðþê (àëãîðèòì), ïîç-âîëÿþùèé äîâîëüíî ïðîñòî èç ìåòðèêè Øâàðöøèëüäà ïîëó÷èòü ìåòðèêó Êåððà ÷åðåç íåêîòîðîå êîìïëåêñíîåïðåîáðàçîâàíèå. Ñàì àëãîðèòì áûë ïðåäëîæåí êàê íåêîòîðàÿ ïðîñòàÿ ìàòåìàòè÷åñêàÿ ïðîöåäóðà, êîòîðàÿ �ñëó-÷àéíî� ïðèâîäèò ê îòâåòó. Â äàííîì ðå�åðàòå ìû îïèøåì ýòîò àëãîðèòì è ïîëó÷èì ìåòðèêó Êåððà-Íüþìàíà,ïî ïóòè âûâåäÿ ìåòðèêó �åéñíåðà-Íîðäñòð¼ìà (íåâðàùàþùåéñÿ çàðÿæåííîé ×Ä).II. Ìåòðèêà �åéñíåðà-Íîðäñòð¼ìàÏóñòü ÷åðíàÿ äûðà èìååò çàðÿä q è íå âðàùàåòñÿ. Çàïèøåì îáùèé âèä ðàäèàëüíî-ñèììåòðè÷íîé ñòàöèîíàðíîéìåòðèêè â ýòîì ñëó÷àå
ds2 = eν(r)dt2 − eλ(r)dr2 − r2(dθ2 + sin2 θdϕ2) (1)Óñëîâèÿ, íàêëàäûâàåìûå íà íåèçâåñòíûå �óíêöèè - ìåòðèêà íà áåñêîíå÷íîñòè äîëæíà ïåðåõîäèòü â ìåòðèêóïëîñêîãî ïðîñòðàíñòâà

ν(r) → 0, λ(r) → 0 ïðè r → ∞ (2)Äëÿ íà÷àëà ðåøèì óðàâíåíèÿ Ìàêñâåëëà
∇µFµν = 4πjν (3)Óäîáíî ïåðåïèñàòü ýòî óðàâíåíèå â âèäå

1√
−g

∂

∂xµ

(√
−gFµν

)
= 4πjν (4)Çàïèøåì èíòåãðàë, êîòîðûé âû÷èñëÿåò çàðÿä âñåé Âñåëåííîé (â íàøåì ñëó÷àå ÷åðíîé äûðû) - äëÿ ýòîãîíåîáõîäèìî ïðîèíòåãðèðîâàòü j0 ïî âñåìó 3-õ ìåðíîìó îáúåìó ïðè ïîñòîÿííîì âðåìåíè óäàëåííîãî íàáëþäàòåëÿt=onst. Â äàííîé ñèòóàöèè ìû ìîæåì ñäåëàòü òàêóþ ïðîöåäóðó, ò.ê. ìåòðèêà íå ñîäåðæèò gi0 êîìïîíåíò - âðåìÿíå ïåðåìåøàíî ñ ïðîñòðàíñòâîì. Íàïîìíèì, ÷òî 4-âåêòîð ïëîòíîñòè òîêà (ñì. [1℄)

jµ =
ρ

√
g00

dxµ

dx0
(5)è ýëåìåíò 3-õ ìåðíîãî îáúåìà dV =

√

−3gd3x. �äå 3g - äåòåðìèíàíò ïðîñòðàíñòâåííîé ìàòðèöû: √−g =
√

g00

√

−3g. Òîãäà
q =

∫

d3x
√

−3g
(
j0√g00

)
=

1

4π

∫

d3x
√
−g

1√
−g

∂i

(√
−gF i0

)
=

1

4π

∫

dSi

√
−gF i0 (6)



2Îïðåäåëèì ïîâåðõíîñòü, ïî êîòîðîé ïðîèñõîäèò èíòåãðèðîâàíèå, ïîâåðõíîñòüþ øàðà ñ ðàäèóñîì r. Ñäåëà-åì �èçè÷åñêîå ïðåäïîëîæåíèå - ýëåêòðè÷åñêîå ïîëå íàïðàâëåíî âäîëü ðàäèóñà, à ìàãíèòíîå îòñóòñòâóåò (ýòîîçíà÷àåò, ÷òî íåíóëåâûìè áóäóò òîëüêî F 10 è F 01 êîìïîíåíòû)
q =

1

4π

∫

e
ν+λ

2 r2 sin θF 10dθdϕ = e
λ+ν

2 r2F 10 (7)ýòî íàì çàäàåò Fµν , Fµν è Fµ
ν

F 10 = q
r2 e−

ν+λ

2 , F 01 = − q
r2 e−

ν+λ

2

F10 = − q
r2 e

ν+λ

2 , F01 = q
r2 e

ν+λ

2

FµνFµν = −2 q2

r4 (8)Òåíçîð ýíåðãèè-èìïóëüñà ýëåêòðîìàãíèòíîãî ïîëÿ
T µ

ν = − 1

4π

(
FµλFνλ − FλρF

λρδµ
ν

) (9)Òîãäà íåíóëåâûå êîìïîíåíòû
T 0

0 = T 1
1 =

q2

8πr4
, T 2

2 = T 3
3 = − q2

8πr4
(10)Äëÿ ìåòðèêè (1) íåíóëåâûå êîìïîíåíòû òåíçîðà �è÷÷è ìîæíî íàéòè â [1℄,[4℄. Ó÷èòûâàÿ, ÷òî T µ

µ = 0, ïîýòîìó
R = 0, ñðàçó çàïèøåì óðàâíåíèÿ Ýéíøòåéíà (âñå �óíêöèè çàâèñÿò òîëüêî îò r)

R0
0 = e−λ

(
λ′

r
− 1

r2

)

+
1

r2
= 8πT 0

0 (11)
R1

1 = −e−λ

(
ν′

r
+

1

r2

)

+
1

r2
= 8πT 1

1 (12)
R2

2 = R3
3 = −1

2
e−λ

(

ν′′ +
ν′2

2
+

ν′ − λ′

r
− ν′λ′

2

)

= 8πGT 2
2 = 8πGT 3

3 (13)Âû÷òåì èç (11)- (12), ïîëó÷èì (ò.ê. T 0
0 = T 1

1 )
e−λ λ′ + ν′

r
= 0 (14)ñîêðàùàåì è èíòåãðèðóåì

λ + ν = onst(r) = 0 (15)ïîñëåäíåå ðàâåíñòâî ïîëó÷àåòñÿ èç ãðàíè÷íûõ óñëîâèé.�àññìîòðèì óðàâíåíèå (11). Åãî ëåâàÿ ÷àñòü î÷åíü õîðîøî ñâåðòûâàåòñÿ
1

r2

d

dr

(
r − re−λ

)
=

q2

r4
(16)Ïîñëå èíòåãðèðîâàíèÿ ïîëó÷èì

e−λ = 1 − C1

r
+

q2

r2
(17)èç òðåáîâàíèÿ ïåðåõîäà â ìåòðèêó Øâàðöøèëüäà ïðè q = 0 ïîëó÷èì C1 = 2m.Çàïèøåì îòâåò äëÿ ìåòðèêè �åéñíåðà-Íîðäñòð¼ìà

ds2 =

(

1 − 2m

r
+

q2

r2

)

dt2 −
(

1 − 2m

r
+

q2

r2

)−1

dx2 − r2
(
dθ2 + sin2 θdϕ2

) (18)



3III. Ìåòðèêà Êåððà-ÍüþìàíàÎïèøåì àëãîðèòì Íüþìàíà-Äæåíèñà. Îí ñîñòîèò èç íåñêîëüêèõ øàãîâ (ñì. [5℄,[6℄)1. Çàïèøåì ìåòðèêó �åéñíåðà-Íîðäñòð¼ìà â êîîðäèíàòàõ Ýääèíãòîíà-Ôèíêåëüøòåéíà. Ýòè êîîðäèíàòû ñâÿ-çàíû ñ ðàäèàëüíî äâèæóùèìèñÿ �îòîíàìè. Äëÿ �îòîíà ds2 = 0, ïîýòîìó
dt

dr
=

1

1 − 2m
r

+ q2

r2

(19)ðåøåíèå
t =

∫
dr

1 − 2m
r

+ q2

r2

+ V (20)ãäå V - çàäàåòñÿ íà÷àëüíûìè óñëîâèÿìè äëÿ �îòîíà. Ñ äðóãîå ñòîðîíû V ìîæíî ðàññìàòðèâàòü êàê íîìåð�îòîíà, è åñëè ñäåëàòü V äèíàìè÷åñêîé ïåðåìåííîé, òîãäà ïîëó÷èì çàìåíó êîîðäèíàò
dt =

dr

1 − 2m
r

+ q2

r2

+ dV (21)Ïîäñòàâèì ýòî â ìåòðèêó (18)
ds2 =

(

1 − 2m

r
+

q2

r2

)

dV 2 + 2dV dr − r2
(
dθ2 + sin2 θdϕ2

) (22)2. Çàïèøåì ìåòðèêó (22) ÷åðåç "íóëåâûå òåòðàäû"
gµν = lµnν + lνnµ − mµmν − mνmµ (23)êîòîðûå óäîâëåòâîðÿþò ñëåäóþùèì ñîîòíîøåíèÿì (m - êîìïëåêñíîå ñîïðÿæåíèå m)

lµlµ = mµmµ = nµnµ = 0, lµnµ = −mµmµ = 1, lµmµ = nµmµ = 0 (24)Äëÿ ìåòðèêè (22) ïîëó÷àåì
lµ = δ

µ
1 (25)

nµ = δ
µ
0 − 1

2

(

1 − 2m

r
+

q2

r2

)

δ
µ
1 (26)

mµ =
1√
2r

(

δ
µ
2 +

i

sin θ
δ

µ
3

) (27)Äëÿ êðàòêîñòè áóäåì îáîçíà÷àòü
Zµ

a = (lµ, nµ, mµ, mµ) , a = 1..4 (28)



43. Ïåðåõîäèì â êîìïëåêñíóþ ïëîñêîñòü xρ → x̃ρ (ãäå xρ - íàáîð êîîðäèíàò xρ = (V, r, θ, ϕ)) è, ñîîòâåòñòâåííî,ïåðåïèñûâàåì òåòðàäû
Zµ

a (xρ) → Z̃µ
a (x̃ρ, x̃

ρ
) (29)íî çàäàåì äâà òðåáîâàíèÿ: åñëè xρ äåéñòâèòåëüíû, òî ïðåîáðàçîâàííûå òåòðàäû äîëæíû ðàâíÿòüñÿ èçíà-÷àëüíûì, è êîìïîíåíòû ìåòðèêè äîëæíû îñòàâàòüñÿ äåéñòâèòåëüíûìè

Z̃µ
a (x̃ρ, x̃

ρ
)
∣
∣
∣
x̃=x̃

= Zµ
a (xρ) (30)Òàêîå ïðåîáðàçîâàíèå ÿâíî íåîäíîçíà÷íî, íî äëÿ âûâîäà ìåòðèêè Êåððà-Íüþìàíà ïðåäëàãàåòñÿ îïðåäå-ëåííûé åãî âèä

lµ → l̃µ = δ
µ
1 (31)

nµ → ñµ = δ
µ
0 − 1

2

(

1 − 2m

(
1

r̃
+

1

r̃

)

+
q2

r̃r̃

)

δ
µ
1 (32)

mµ → m̃µ =
1√
2r̃

(

δ
µ
2 +

i

sin θ̃
δ

µ
3

) (33)Çàìåòèì, ÷òî åñòü íåëîãè÷íîñòü â ïðåîáðàçîâàíèè äëÿ nµ - ÷ëåíû 2m
r
è q2

r2 áûëè ïðåîáðàçîâàíû ñîâåðøåííîðàçëè÷íûìè ñïîñîáàìè.4. Ñëåäóþùèé øàã - ïðåîáðàçîâàíèå êîîðäèíàò x̃ → x′ (V ′, r′, θ′, ϕ′), êîòîðîå çàäàåòñÿ ñëåäóþùèì îáðàçîì
x̃ρ = x′ρ + ia cos θ′ (δρ

0 − δ
ρ
1) (34)Òîãäà íàøè âåêòîðà (òåòðàäû) ïðåîáðàçóþòñÿ ñëåäóþùèì îáðàçîì

Z ′µ
a = Z̃ν

a

∂x′µ

∂x̃ν
(35)Íîâûå âåêòîðà â íîâûõ êîîðäèíàòàõ âûãëÿäÿò ñëåäóþùèì îáðàçîì

l′
µ

= Z ′µ
1 = δ

µ
1 (36)

n′µ = Z ′µ
2 = δ

µ
0 − 1

2

(

1 − 2m

(
1

r′ − ia cos θ′
+

1

r′ + ia cos θ′

)

+
q2

(r′ − ia cos θ′)(r′ + ia cos θ′)

)

δ
µ
1 (37)

m′µ = Z ′µ
3 =

1√
2(r′ − ia cos θ′)

(

ia sin θ′(δµ
0 − δ

µ
1 ) + δ

µ
2 +

i

sin θ′
δ

µ
3

) (38)5. Âîçâðàùàåìñÿ íàçàä, íà äåéñòâèòåëüíóþ îñü, ò.å. êëàäåì x′ρ = x′
ρ è ïîëó÷àåì ìåòðèêó ïî �îðìóëå (23).Çäåñü è äàëåå äëÿ óïðîùåíèÿ çàïèñè ìû îïóñêàåì øòðèõè

gµν =









−a2 sin2 θ
ρ2 1 + a2 sin2 θ

ρ2 0 − a
ρ2

1 + a2 sin2 θ
ρ2 −

(

1 − 2mr
ρ2 + q2

ρ2

)

− a2 sin2 θ
ρ2 0 a

ρ2

0 0 − 1
ρ2 0

− a
ρ2

a
ρ2 0 − 1

ρ2 sin2 θ









(39)



5ãäå ρ2 = r2 + a2 cos2 θ. Îáðàùàÿ ýòó ìàòðèöó, íàõîäèì ìåòðèêó Êåððà â êîîðäèíàòàõ Êåððà
gµν =








1 − 2mr−q2

ρ2 1 0 a sin2 θ 2mr−q2

ρ2

1 0 0 −a sin2 θ
0 0 −ρ2 0

a sin2 θ 2mr−q2

ρ2 −a sin2 θ 0 − sin2 θ
(

r2 + a2 + a2 sin2 θ 2mr−q2

ρ2

)








(40)6. * Ïîñëåäíèé äîïîëíèòåëüíûé øàã - ïðåîáðàçîâàíèå ìåòðèêè ê êîîðäèíàòàì Áîéåðà-Ëèíäêâèñòà - êîîðäè-íàòû, êîòîðûå ïåðåõîäÿò â Ìèíêîâñêèå íà áåñêîíå÷íîñòè. �àñïèøåì ÿâíî ìåòðèêó â êîîðäèíàòàõ Êåððà
ds2 =

(

1 − 2mr − q2

ρ2

)

dV 2 + 2dV dr − ρ2dθ2 + 2a sin2 θ
2mr − q2

ρ2
dV dϕ − 2a sin2 θdrdϕ −

− sin2 θ

(

r2 + a2 + a2 sin2 θ
2mr − q2

ρ2

)

dϕ2 (41)Ïåðåõîä ê êîîðäèíàòàì Áîéåðà-Ëèíäêâèñòà çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì
dt = dV +

r2 + a2

∆
dr, dϕ̃ = dϕ +

a

∆
dr, ãäå ∆ = r2 − 2mr + a2 + q2 (42)×òîáû ëåãêî îñóùåñòâèòü ýòó ïîäñòàíîâêó ñäåëàåì ïðåîáðàçîâàíèå â (41), ÿâíî âûäåëèâ íåêîòîðûå âûðà-æåíèÿ

ds2 =

(
r2 − 2mr + a2 + q2

ρ2
− a2 sin2 θ

ρ2

)

dV 2 + 2dV dr +

+

(

2a(r2 + a2)
sin2 θ

ρ2
− 2a sin2 θ

r2 − 2mr + a2 + q2

ρ2

)

dV dϕ − 2a sin2 θdrdϕ −

−ρ2dθ2 +

(
r2 − 2mr + a2 + q2

ρ2
a2 sin4 θ − sin2 θ

ρ2
(r2 + a2)2

)

dϕ2 (43)òîãäà ìîæíî ïåðåãðóïïèðîâàòü ÷ëåíû
ds2 =

∆

ρ2

(

dV 2 +
ρ4

∆2
dr2 + a2 sin4 θdϕ2 + 2

ρ2

∆
dV dr − 2a sin2 θdV dϕ − 2a sin2 θ

ρ2

∆
drdϕ

)

−

−
sin2 θ

ρ2

(
(r2 + a2)2dϕ2 − 2a(r2 + a2)dV dϕ + a2dV 2

)
−

ρ2

∆
dr2 − ρ2dθ2 (44)Ëåãêî çàìåòèòü, ÷òî âûðàæåíèÿ â ñêîáêàõ - ïîëíûå êâàäðàòû

ds2 =
∆

ρ2

(

dV +
ρ2

∆
dr − a sin2 θdϕ

)2

−
sin2 θ

ρ2

(
(r2 + a2)dϕ − adV

)2 −
ρ2

∆
dr2 − ρ2dθ2 (45)Òåïåðü ìîæíî ñäåëàòü ïîäñòàíîâêó (42) è ïîëó÷èòü êîíå÷íîå âûðàæåíèå

ds2 =
∆

ρ2

(
dt − a sin2 θdϕ̃

)2 − sin2 θ

ρ2

(
(r2 + a2)dϕ̃ − adt

)2 − ρ2

∆
dr2 − ρ2dθ2 (46)



6IV. Ñâîéñòâà ìåòðèêè Êåððà-ÍüþìåíàÇàïèøåì ìåòðèêó Êåððà â äâóõ ýêâèâàëåíòíûõ �îðìàõ çàïèñè â êîîðäèíàòàõ Áîéåðà-Ëèíäêâèñòà - îäíà�îðìà ñâîäèòñÿ ê äðóãîé ïîñëå ðàñêðûòèÿ ñêîáîê è ïåðåãðóïïèðîâêè ÷ëåíîâ
ds2 =

∆

ρ2

(
dt − a sin2 θdϕ

)2 − sin2 θ

ρ2

(
(r2 + a2)dϕ − adt

)2 − ρ2

∆
dr2 − ρ2dθ2 (47)

ds2 =
ρ2∆

A
dt2 − A sin2 θ

ρ2

(

dϕ − 2mra

A
dt

)2

− ρ2

∆
dr2 − ρ2dθ2 (48)

ρ2 = r2 + a2 cos2 θ, ∆ = r2 − 2mr + a2, A = (r2 + a2)2 − a2∆sin2 θ (49)Ïîêàæåì, ÷òî ñóùåñòâóåò ïðåäåë ñòàòè÷íîñòè. Ïóñòü êîñìè÷åñêèé êîðàáëü âèñèò íà íåêîòîðîì ðàññòîÿíèè îò÷åðíîé äûðû Êåððà è íå äâèæåòñÿ (â êîîðäèíàòàõ ÁË), òîãäà ïîäñòàâèì â (47) óñëîâèÿ dr = 0, dϕ = 0, dθ = 0,ïîëó÷èì
ds2 =

r2 − 2mr + a2 cos2 θ

ρ2
dt2 (50)Äëÿ òîãî, ÷òîáû óâèäåòü - âîçìîæíî ëè òàêîå äâèæåíèå, íåîáõîäèìî ïðîâåðèòü ñâåòîïîäîáåí èëè ïðîñòðàí-ñòâåííî ïîäîáåí èíòåðâàë, Çíàìåíàòåëü ýòîãî âûðàæåíèÿ âñåãäà ïîëîæèòåëåí, à ÷èñëèòåëü ïðè áîëüøèõ rïîëîæèòåëåí, íî íà íåêîòîðîì ðàäèóñå ìåíÿåò çíàê. Ýòîò ðàäèóñ íàçûâàåòñÿ âíåøíåé ãðàíèöåé ýðãîñ�åðû

r+ = m +
√

m2 − a2 cos2 θ (51)Îêàçûâàåòñÿ, ÷òî íà íåìíîãî ìåíüøåì ðàäèóñå ìîæíî ïîëó÷èòü ñâåòîïîäîáíûé èíòåðâàë, åñëè ñäåëàòü çàìåíó
dϕ = dϕ̃−Ωdt è ïîëîæèòü dϕ̃ = 0 - â íîâûõ êîîðäèíàòàõ - òàêàÿ çàìåíà îçíà÷àåò, ÷òî òåëî ó÷àñòâóåò âî âðàùåíèè,ïðè ýòîì îñòàâàÿñü íà ïîñòîÿííîì ðàäèóñå. Ïîäñòàâèì çàìåíó óæå â (48) (äëÿ óäîáñòâà)

ds2 =

(

ρ2∆

A
− A sin2 θ

ρ2

(

Ω +
2mra

A

)2
)

dt2 =






ρ4∆ − 4 sin2 θm2r2a2

ρ2A
− sin2 θ

ρ2

[
4mraΩ + AΩ2

]

︸ ︷︷ ︸

X




 dt2 (52)Íàéäåì ìèíèìàëüíîå çíà÷åíèå Xmin = − 4m2r2a2

A
. Ýòî îçíà÷àåò, ÷òî ìåíÿÿ Ω ìû ìîæåì äîáèòüñÿ ñëåäóþùåéìàêñèìàëüíîé ñâåòîïîäîáíîñòè èíòåðâàëà

ds2 =
ρ2∆

A
(53)Ýòî çíà÷èò, ÷òî òàêîå äâèæåíèå âîçìîæíî ïðè ∆ > 0. Ýòî îçíà÷àåò, ÷òî âñå òåëà ïðè r < r+ ó÷àñòâóþò âîâðàùåíèè, èíäóöèðîâàííîì êðèâèçíîé ïðîñòðàíñòâà. Èç ýòîé îáëàñòè ìîæíî âûñêî÷èòü è óëåòåòü íà áåñêî-íå÷íîñòü. Ïðè ∆ = 0 íàõîäèòñÿ ãîðèçîíò ñîáûòèé ýòîé ÷åðíîé äûðû. Ò.å. ïðè r < rg íåèçáåæíî ïàäåíèå íàöåíòð

rg = m +
√

m2 − a2 (54)
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