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AnHoTaius

Hewmuoro anmapara: cumBosibl Kpucroddens us3 Merpuku, TeH30-
pot Puvana, Puaun. @usuka (B Buge nabpockos): Yp. Ditamreiina u
BapUAIMOHHBIA npuanun ['uasbepra.

Onare OyaeT cMech TEKCTOB HA PYCCKOM W AHTJTUIICKOM.

1 IloBTropmm Ob6o3HaAUEeHUM

[Ipumem cieyromnue coraienns.

4D mHaekcw JaTUHCKUE, Hanpumep, ¢ = 0,1, 2, 3.
3D wHaeKcH TpedecKne, HampuMmep, a = 1,2, 3.
Merpuka B o01IemM ciydae:

ds* = gikdxidxk )

B sroit 3anucu g;; o3HaYaeT KOMIIOHEHTHI METPUYECKOro Ten3opa. MHorma
JIIsE 0DO3HAYEHUs] TEH30POB KaK I'eOMeTPUYECKUX OObEKTOB BBOJIAT CIIEIH-
aJIbHbIE YKUPHbIE MPUQTHI, TOr/Ia g 0003HaAYaeT METPUYECKUIl TEeH30D He3a-
BHCHMO OT KOOpPJMHAT (IO AHAJIOTHH ¢ BeKTopamHu). ¢ cuuraro, 4ro ymobHei
HCATH (gp JJ1sI KOODIUHATHO-HE3ABHCUMBIX 0003HAYEHUI TeH30POB (HCIOJIb-
3ysl IIepBble OYKBbI JIATHHCKOTO ajihaBuTa), TAK KAK TYT CPa3y BUIHO, KAKOH
TEeH30p: KOHTPpaBapUaHTHbII, KOBAPUAHTHBIN, CMEIIaHHbI U T.II.

¢l 0bo3HAYM/I TPOUBBOJHYIO 110 TAPAMeTPy OOPaTHBIM HITPUXOM:

N dz*
Tk =

T dh



Dopwmyiia npeobpa3oBaHisi KOHTPaBAPUAHTHBIX TeH30POB (haKTHIecKu, onpe-
JleJIeHHe TeH30pa) OT KOODJIMHAT T K I

~ ozt ox"
Azk ) = A™mn
() = A™(@) o
KOBapHUaHTHbIX
< oz™ Jx™
Aip(7) = Amn(fﬂ)%ﬁ )
n T.II.

B 3D ugacro mmmem
dl* = gopdz®®

Curnarypa B gerbipéxmepun (+ — ——), T.e., HaIpHUMep,
ds* = dt* — di* .

CKOpOCTb CBe€Ta C 9aCTO IIoJIaraeTCd paBHOfI eJUMHHUIIe, YTO BUAHO U3 KOHTEK-
cTa.

2 TlapajienbHblil HEpeHOC 1 KOBApUAHTHBIE IIPO-
N3BO/IHbIE

2.1 MHN30bITOK CyMMBI YyIJI0OB TPEYTOJbHUKA — MepPa Kpu-
BU3HBI

Let us return to the example of a 2D sphere. We can use geodesics (i.e. great
circles on it) to build triangles etc. and to find the curvature. Consider a
triangle on a sphere with one vertex in the pole, and two other on the equator.
The sum of angles is not 7, it is XA = 7+«
that is the geometry on the surface is not
Euclidean. The area of this triangle is S =
aR?%. If we take another, very small, triangle
on this surface with all sides much less than
R and small S, we will see that it looks like
almost Euclidean triangle. The excess XA —
7 almost vanishes for small S, we find X5 —
7 ox S — 0, when S — 0, but the ratio

EA — T . 1

S  R?
remains finite, the same as in the big triangle
on the figure. So if we were 2D creatures living on a sphere we could measure




the curvature 1/R? of our world if we measure the excess X a — 7 accurately.
Taxkoit u30bITOK (MM HEJOCTATOK) CYMMBI yIVIOB MOYKHO HAMEPHTBH, HE Bbi-
xoqg u3 2D mpocTpaHCcTBa, €CiM HOCUTH BEKTOP IO KOHTYPY TPEyrOJbHUKA
napaJuiesibno camomy cebe. [Ipu Bo3Bpare B HCXOIHYIO TOUKY BEKTOP IIOBEp-
HETCS KaK pa3 Ha 3ToT u30bIToK. The same can be done in 3D space and in
4D spacetime. In this way we measure the intrinsic curvature of the space.
(E.g. Lobachevsky tried to measure the difference ¥4 — m. Note that in
Lobachevsky’s geometry the curvature is negative, so the sum of three angles
YA is less than 7).
We can build expressions for [ | for YA through g;z and find that zero curvature
imposes some relations on g;. , and on their derivatives. Now if we construct another
3D space with

ds? =) gidg'de" = gipd€'de"

ik

but with g;x(£) not obeying the relations of the flat space, this metric will describe
some curved space. This formalism was introduced by Riemann who described
a space by gk, being arbitrary functions of coordinates. In Riemann space the
curvature can change from point to point. I will not develop the full formalism see
the books by LL (Landau & Lifshitz), Weinberg, Utiyama MTW (Misner, Thorne
& Wheeler), Wald, and also Carroll L.c., but I will tell you enough for doing most
basic calculations in GR.

2.2 Cumsboasl Kpucroddensa

B B
MBI mOKa3a/IM, 9T0 yC/JI0BUE SKCTpeMyMa AuHbl [ = [ 4 ds = i) 4 VLsd\ sxBuBa-
JIEHTHO 3KCTpeMaJIaM ‘meficTeust’

B
Ss :/ LgdA .
A

Ypasuenus Diiiepa-J/larpamxa (Euler-Lagrange Equations, ELE) ms sroro Sg:

A (L) Ok (1)
dX \ 0™ oz
onuchIBaIOT reojesndeckre. Mol Haspain Ly 2eodesuneckum aaeparotcuanom. Kax
MBI BHJIeJIM Ha OpuMepe Merpukn IlIBapiimmnibia, BO MHOTHX CIyYasgX COBCEM He

uyxkuo ‘pemars ELE — ux mHTErpasbl 9acTto OYEBUIHBI U3 CUMMETPUN 3a/atu.
Tem He Menee, 5TU ypaBHEHHUS TOJE3HBI HAM JIjI BBIYUCIEHUN KO3(DDUITHEHTOB
cesizHOCTH, T.e. cuMBOsIoB Kpucrodbdena I'? . Tlokaxy, Kak 9T0 Je1aeTcs.
ObozuaunM

Gk




13 ELE (1) cnenyer:
2Gim ' + 2092k Dy i — O ginaiah =0 , (2)
/e Mbl MCII0JIb30BAJIN

ngm . dwk . \k
dN  d\ 8kgzm =T ak:gzm-

Bameuasi, 4T0 k U @ — 9TO HEMbIe UHJEKCHI B (2), 1 410
T T* Ok Gim = TF 20 G

MOJTy 9aeM
29imx" + (OkGim + OiGkm — Omgir) 'z =0 .

VMHOKIM Ha MaTPHILY, 0OpaTHYIO MeTpHKe, T.e. Ha ¢"" = gL koropas mo ompe-

JIeJIEHUIO yJIOBJIETBOPSIET YCJIOBHUIO G g"" = 6),. Torna, pasnenus Ha 2, umeem

« 1 R
2"+ =g™" (OkGim + OiGkm — Omyik) 'z =0 .

2
Ecmmu oboznaanTh )
Pinik = 5 (Okgim + Oigkm — Omgir)
%1
it = 9" Tir = %gmn(akgim + O0igkm — Omyik) » (3)

— koaddunmentsr cesazuoctu (cumsosbl Kpucroddens 1-ro u 2-ro poga), 1o 0KoH-
JaTebHO MOy UM .

2"+ Tlaizh =0 . (4)
DTO U eCTh yPaBHEHNE T'e01e3UIeCKOII.
Ckopo MbI YBUJUM, KaK 3TO ypaBHEHUE — 3aKOH JIBUKEHUsI TPOODHON YaCTHUIIHI B

PABUTAIMOHHOM I10JI€ — MOJIy4daeTcsd u3 3akoHa Bcemupuoro tarorenuss OTO, Te.
u3 ypaBHeHUil DitHireiina.

2.3 KoBapmaHTHas IIPOU3BOJHAL

We denoted
9" (0iGkn + OkGni — Ongik) »

(called Christoffel coefficients or connection), this gave geodesic equation
o'+ e angm =0 .

In Euclidean space we can choose Cartesian coordinates in which I'Y,,, = 0, and the
geodesic equation is just z° = d?2'/d\? = 0, which is the equation for a straight
line.



Many textbooks on GR start to solve geodesic equations to find orbits in curved
space. As I have shown, for many problems we get the answer directly from
the metric and direct integrals of ELE. I need the geodesic equation for another
purpose. I can rewrite it via 4-velocity, u’ = dz*/ds:

du’ +T! u™dz™ =0 .

This replaces the condition du’ = 0 of inertial motion in a flat spacetime, and in
a curved time it is just Du’ = 0, if we give the following definition for covariant
differential D for any 4-vector A":

DA = dA" + T, A™dz™ .

Why is this definition natural?

On the day when I have discussed this in Osaka in 2000, 39 years earlier, on Apr.12,
1961, a first human, Yuri Gagarin, came to outer space for 108 minutes that shook
the world. He could observe small floating bodies in his cabin in a perfect rectlinear
motion with constant speed, hence with du’ = 0. Let us take a body with the speed
1 mm/s and let it go in the cabin of the Vostok spacecraft for 10® seconds, so its
path was only 1 m. But relative to a point on Earth (e.g. relative to Osaka) the
same body made almost 10* km (!) on the path that looks curved, but actually
is a geodesic, a straight line in the space-time. To describe this we use Du’ = 0.
The path of the small body could be along the geodesic of the CM of the Vostok,
could be perpendicular to it etc. In all cases we have Du’ = 0, i.e. u’ is parallel
transported in the curved space-time. Thus our definition of D takes into account
the problem of parallel transport of vectors in non-Euclidean case. And it must
work for all other vectors, since Gagarin could, in principle, measure any arbitrary
vector A’ relative to u’ of small bodies in his free-falling system of reference, and
this D makes a covariant definition working in any system.

KosapnanTuyio mpou3BOAHYI0 TEH30POB OMpPeIeIIioT depe3 D 1 UCIOMb3YI0T pas-
Hble 0003HAUEHNS, HATIPUMED:

Dxm A;m = O A" + 17, A" = A,m + LA™
" DA
ng'nzl = Ai;m = OmAi — F?mAn = Aiy’m B F?’mA" :

Yewm Oosibiite MHIEKCOB y TEH30pa, TeMm Oovibiiie cumBoj0B Kpucroddesns modas-
JIZETCA C IIIOCOM ISl BEPXHUX HHIEKCOB M C MUHYCOM id HuKHIX. CM. 10000t
crapgapraerit yaedbnuk mo OTO.

Haiiném KoBapraHTHYIO IPOU3BOSHYIO METPUKH:

Gikm = Omgir — T 91 — Fimgij = Om9ik — Ukim — Dikm
1 1
Omik — 5 <3m9¢k + 0igmpk — ak:Qz’m) ~ 3 <amgkz‘ + Ongmi — %) = 0.

5



3;{(3(:]3 YJICHDBI, HOﬂ‘lépKHyTbIe OIMHAKOBBIMU CUMBOJIAMU, B3AUMHO YHUYTOXKAIOTCA
npu y4uére CUMMETPUU (i = (k;- OTCIOMA Jjid KOBapuaHTHOTO audepeHimaia
Dgix =0mn

DA; = D(9iA*) = gisDA" + A" Dy, = gy DAF

KaK 1 JIOJIZKHO OBITH JIJI BEKTOPOB (AaHAJOMMYHO U IS JIIOOBIX IPYTUX TEH30POB).
JIT (n Bux/mmuaun) MMEHHO U3 9TOTO CBOMCTBA Yk = 0 BBIBOZAT CBSI3b CHMBOJIOB
Kpucroddens ¢ merpukoii.

2.4 BsBenenue TeH30pa KPUBU3HBI

Having a definition of parallel transport of vectors, we can measure the things like
the excess of angles XA — 7 in a triangle, just doing a loop with a vector along the
triangle and measuring the angle between the directions of initial and final vectors.
In the case of a 2D-sphere let us go out from the pole with a vector along meridian.
On equator we go keeping it perpendicular to the path, and then return back to
the pole along another meridian. The final rotation of the vector is a = XA — 7.
For small «

A~ Al = |A]S/R?,

where S is the triangle area, AA L fT, since the length of the vector does not
change.

Via components we can write A= (A1, A2) in a 2D-space with coordinates x1, x2
for the parallel transport over a small contour with area Af:

AAl = K A2 Af,

AAQ = —K A1 Af,

K

i.e. the matrix of transformation is ( —O/a 0 > Here & is the internal curvature

(equal xk = 1/R? for a sphere).

In 3D, 4D etc. we have a similar formula for components of the vector but now
we have to add information on the orientation of the area in space, hence we add
indexes: Af!™ and write

1 .
AA;, = 3 Ay Afm

here R};lm is the curvature tensor.
For parallel transport DAy = 0, hence the change of components of Ay, is

§A, =T%  A;da™

then
AA, = f{ §Ay = f{ i, Aida™



and the contour integral reduces to the surface one over Af™ via Stokes theorem,
So one gets 4 4
Ry = Tl - OTls
™o ol dx™
cM. cranjaprabie yuebumku. Harm Boibop mH/ekcOB n 3HAKOB coorBercTByer JLJI
(JTammay-JIndmuy).
Due to symmetries R};lm has 20 independent components in 4D case. Thus R};lm is
expressed through g, Ogix/0z!, and 02g;x/02'0x™. So if the field gy is known,
then the curvature is known in every point.

+ FzleZm - FimFZZ )

3 Bpiunucienne teH3opoB Puyum u T.1I.

[To mMeTpuke MOXKHO MeXaHUYECKW BBIYUCTUTH KOIDMUIUEHTH CBI3HOCTH
i i .

I}, m Tensop kpususnbl Ry, . g neiictsusa I'niabdbepra HaM Hy?KeH TOJBKO

ckasstp Puaun (Ricei)

R = glkRZk )
rae
Rip = Riny

— ren3op Puuaun. Bosmozkno u apyroe onpejenenne [, = R}, a MOCKOIbKY
Ten3op Pumana aHTHCHMMETpPUYEH MO IMOCJIEIHEHl mape WHIEKCOB (Rfkm =
—Rgmk), snakn Ry, n R mensiorcs. K coxka/leHnIo, 0IBEPIKEH MPOU3BOJY 1
BBIOOD 3HaKa TeHsopa Pumana R, . ¢l cTapaloch CIe10BaTh ONPeIeTCHUSIM
u cormamennsM o 3uakax JIJI (Jlamnay-/Indmmuna). Bydeme enumamenrvho
3decov co snakamu men3opos Pumana u Puuwwu - onu mo2ym bums coscem
pazauuno, 6 passuwnux yueonurar! Ha gopsaue yuebnuxva MTW (Musnep,
Topr u Yunep) dana oepommas mabiuya coomeememeus 3HAKOS 6 PA3HOLT

KHuzax.

4 Equations for metric

First, we consider gravity only outside massive bodies, i.e. in vacuum. The
Einstein equations that govern the behaviour of the relativistic gravitational
potentials, i.e. of the metric, can be derived from the least action principle.
The action for metric (called the Hilbert action) should be the integral over
spacetime of a Lagrange density:

SH == /EHd4$ .



The Lagrange density Ly is a tensor density, which can be written as \/—g
times a scalar. The factor /=g = /—det gix simply makes a physical 4-
volume out of the coordinate volume element d*z. What scalars can be made
out of the metric? The only independent scalar constructed from the metric,
which is not higher than second order in its derivatives, is the Ricci scalar
curvature R = ¢g* Ry, (where Ry, = R is the Ricci tensor). Hilbert was
the first to understand that GR can be derived from the action with this
simplest possible choice for a Lagrangian, and proposed

C3

Lo = 167G

V—yR

Long ago Clifford conjectured that the empty space has its own elasticity.
One can say that £ describes this elasticity, or better to say rigidity, the
tendency of the space to remain flat. The constant ¢®/167G is high and
reflects the fact that the space is weakly curved because its rigidity is high.
The number ¢*/167G has a dimension. If we say it is big, then it is not clear
relative to what? The dimensionless measure is Gm?/hc, analogous to e.m.
constant e/he = 1/137. From this we get the Planck mass

mp; = \/ch/G ~ 107°g ~ 10" GeV
A typical length for this mass is:

h Gh
lpl = = 3 == 10733 CcIm.
mpiC C

It is clear that [p; is 7, for the Planck mass. Thus the space is strongly
curved at the distance [p; from mass mp;. For nucleons m ~ 10~ g < mpy,
[ ~ 107 cm > Ipy, i.e. the effects of gravity and curvature are small in the
volume of particles. This illustrates the high rigidity of vacuum.

The equations of motion, here the Einstein equations for the field gz, should
come from varying the action with respect to the metric. But again, as in the
case of orbits, the explicit form of equations is not needed very often, since
their integrals already ‘sit’ in the Lagrangian.

Let us see this, deriving the Schwarzschild metric from Hilbert action



