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x̀k ≡ dxk
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Ôîðìóëà ïðåîáðàçîâàíèÿ êîíòðàâàðèàíòíûõ òåíçîðîâ (�àêòè÷åñêè, îïðå-äåëåíèå òåíçîðà) îò êîîðäèíàò x ê x̃:
Ãik(x̃) = Amn(x)

∂x̃i

∂xm

∂x̃k

∂xn
,êîâàðèàíòíûõ

Ãik(x̃) = Amn(x)
∂xm

∂x̃i

∂xn

∂x̃k
,è ò.ï.Â 3D ÷àñòî ïèøåì

dℓ2 = gαβdxαβÑèãíàòóðà â ÷åòûð¼õìåðèè (+ −−−), ò.å., íàïðèìåð,
ds2 = c2dt2 − dℓ2 .Ñêîðîñòü ñâåòà c ÷àñòî ïîëàãàåòñÿ ðàâíîé åäèíèöå, ÷òî âèäíî èç êîíòåê-ñòà.2 Ïàðàëëåëüíûé ïåðåíîñ è êîâàðèàíòíûå ïðî-èçâîäíûå2.1 Èçáûòîê ñóììû óãëîâ òðåóãîëüíèêà � ìåðà êðè-âèçíûLet us return to the example of a 2D sphere. We 
an use geodesi
s (i.e. great
ir
les on it) to build triangles et
. and to �nd the 
urvature. Consider atriangle on a sphere with one vertex in the pole, and two other on the equator.

P

90o
90o

α

The sum of angles is not π, it is Σ△ = π+α,that is the geometry on the surfa
e is notEu
lidean. The area of this triangle is S =
αR2. If we take another, very small, triangleon this surfa
e with all sides mu
h less than
R and small S, we will see that it looks likealmost Eu
lidean triangle. The ex
ess Σ△ −
π almost vanishes for small S, we �nd Σ△−
π ∝ S → 0, when S → 0, but the ratio

Σ△ − π

S
=

1

R2remains �nite, the same as in the big triangleon the �gure. So if we were 2D 
reatures living on a sphere we 
ould measure2



the 
urvature 1/R2 of our world if we measure the ex
ess Σ△ −π a

urately.Òàêîé èçáûòîê (èëè íåäîñòàòîê) ñóììû óãëîâ ìîæíî íàìåðèòü, íå âû-õîäÿ èç 2D ïðîñòðàíñòâà, åñëè íîñèòü âåêòîð ïî êîíòóðó òðåóãîëüíèêàïàðàëëåëüíî ñàìîìó ñåáå. Ïðè âîçâðàòå â èñõîäíóþ òî÷êó âåêòîð ïîâåð-í¼òñÿ êàê ðàç íà ýòîò èçáûòîê. The same 
an be done in 3D spa
e and in4D spa
etime. In this way we measure the intrinsi
 
urvature of the spa
e.(E.g. Loba
hevsky tried to measure the di�eren
e Σ△ − π. Note that inLoba
hevsky's geometry the 
urvature is negative, so the sum of three angles
Σ△ is less than π).We 
an build expressions for l , for Σ△ through gik and �nd that zero 
urvatureimposes some relations on gik , and on their derivatives. Now if we 
onstru
t another3D spa
e with

ds2 =
∑

i,k

gikdξidξk ≡ gikdξidξk ,but with gik(ξ) not obeying the relations of the �at spa
e, this metri
 will des
ribesome 
urved spa
e. This formalism was introdu
ed by Riemann who des
ribeda spa
e by gik, being arbitrary fun
tions of 
oordinates. In Riemann spa
e the
urvature 
an 
hange from point to point. I will not develop the full formalism seethe books by LL (Landau & Lifshitz), Weinberg, Utiyama MTW (Misner, Thorne& Wheeler), Wald, and also Carroll l.
., but I will tell you enough for doing mostbasi
 
al
ulations in GR.2.2 Ñèìâîëû Êðèñòî��åëÿÌû ïîêàçàëè, ÷òî óñëîâèå ýêñòðåìóìà äëèíû l =
∫ B

A
ds =

∫ B

A

√
Lsdλ ýêâèâà-ëåíòíî ýêñòðåìàëÿì `äåéñòâèÿ'

Ss =

∫ B

A

Lsdλ .Óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà (Euler-Lagrange Equations, ELE) äëÿ ýòîãî Ss:
d

dλ

(

∂Ls

∂ẋm

)

− ∂Ls

∂xm
= 0 (1)îïèñûâàþò ãåîäåçè÷åñêèå. Ìû íàçâàëè Ls ãåîäåçè÷åñêèì ëàãðàíæèàíîì. Êàêìû âèäåëè íà ïðèìåðå ìåòðèêè Øâàðöøèëüäà, âî ìíîãèõ ñëó÷àÿõ ñîâñåì íåíóæíî `ðåøàòü' ELE � èõ èíòåãðàëû ÷àñòî î÷åâèäíû èç ñèììåòðèé çàäà÷è.Òåì íå ìåíåå, ýòè óðàâíåíèÿ ïîëåçíû íàì äëÿ âû÷èñëåíèé êîý��èöèåíòîâñâÿçíîñòè, ò.å. ñèìâîëîâ Êðèñòî��åëÿ Γi

mn. Ïîêàæó, êàê ýòî äåëàåòñÿ.Îáîçíà÷èì
∂mgik ≡ ∂gik

∂xm
.3



Èç ELE (1) ñëåäóåò:
2gimxi`̀ + 2x̀ix̀k∂kgim − ∂mgikx̀ix̀k = 0 , (2)ãäå ìû èñïîëüçîâàëè

dgim

dλ
=

dxk

dλ
∂kgim = x̀k∂kgim.Çàìå÷àÿ, ÷òî k è i � ýòî íåìûå èíäåêñû â (2), è ÷òî

x̀ix̀k∂kgim = x̀kx̀i∂igkm ,ïîëó÷àåì
2gimxi`̀ + (∂kgim + ∂igkm − ∂mgik) x̀ix̀k = 0 .Óìíîæèì íà ìàòðèöó, îáðàòíóþ ìåòðèêå, ò.å. íà gmn ≡ g−1

mn, êîòîðàÿ ïî îïðå-äåëåíèþ óäîâëåòâîðÿåò óñëîâèþ gimgmn ≡ δi
n. Òîãäà, ðàçäåëèâ íà 2, èìååì

xǹ̀+
1

2
gmn (∂kgim + ∂igkm − ∂mgik) x̀ix̀k = 0 .Åñëè îáîçíà÷èòü

Γmik ≡ 1

2
(∂kgim + ∂igkm − ∂mgik)è

Γn
ik ≡ gmnΓmik ≡ 1

2
gmn(∂kgim + ∂igkm − ∂mgik) , (3)� êîý��èöèåíòû ñâÿçíîñòè (ñèìâîëû Êðèñòî��åëÿ 1-ãî è 2-ãî ðîäà), òî îêîí-÷àòåëüíî ïîëó÷èì

xǹ̀+ Γn
ikx̀

ix̀k = 0 . (4)Ýòî è åñòü óðàâíåíèå ãåîäåçè÷åñêîé.Ñêîðî ìû óâèäèì, êàê ýòî óðàâíåíèå � çàêîí äâèæåíèÿ ïðîáíîé ÷àñòèöû âãðàâèòàöèîííîì ïîëå � ïîëó÷àåòñÿ èç çàêîíà âñåìèðíîãî òÿãîòåíèÿ ÎÒÎ, ò.å.èç óðàâíåíèé Ýéíøòåéíà.2.3 Êîâàðèàíòíàÿ ïðîèçâîäíàÿWe denoted
Γm

ik ≡ 1

2
gmn(∂igkn + ∂kgni − ∂ngik) ,(
alled Christo�el 
oe�
ients or 
onne
tion), this gave geodesi
 equation
xi`̀ + Γi

nmx̀n x̀m = 0 .In Eu
lidean spa
e we 
an 
hoose Cartesian 
oordinates in whi
h Γi
nm = 0, and thegeodesi
 equation is just xi`̀ ≡ d2xi/dλ2 = 0, whi
h is the equation for a straightline. 4



Many textbooks on GR start to solve geodesi
 equations to �nd orbits in 
urvedspa
e. As I have shown, for many problems we get the answer dire
tly fromthe metri
 and dire
t integrals of ELE. I need the geodesi
 equation for anotherpurpose. I 
an rewrite it via 4-velo
ity, ui ≡ dxi/ds:
dui + Γi

nmundxm = 0 .This repla
es the 
ondition dui = 0 of inertial motion in a �at spa
etime, and ina 
urved time it is just Dui = 0, if we give the following de�nition for 
ovariantdi�erential D for any 4-ve
tor Ai:
DAi ≡ dAi + Γi

nmAndxm .Why is this de�nition natural?On the day when I have dis
ussed this in Osaka in 2000, 39 years earlier, on Apr.12,1961, a �rst human, Yuri Gagarin, 
ame to outer spa
e for 108 minutes that shookthe world. He 
ould observe small �oating bodies in his 
abin in a perfe
t re
tlinearmotion with 
onstant speed, hen
e with dui = 0. Let us take a body with the speed1 mm/s and let it go in the 
abin of the Vostok spa
e
raft for 103 se
onds, so itspath was only 1 m. But relative to a point on Earth (e.g. relative to Osaka) thesame body made almost 104 km (!) on the path that looks 
urved, but a
tuallyis a geodesi
, a straight line in the spa
e-time. To des
ribe this we use Dui = 0.The path of the small body 
ould be along the geodesi
 of the CM of the Vostok,
ould be perpendi
ular to it et
. In all 
ases we have Dui = 0, i.e. ui is paralleltransported in the 
urved spa
e-time. Thus our de�nition of D takes into a

ountthe problem of parallel transport of ve
tors in non-Eu
lidean 
ase. And it mustwork for all other ve
tors, sin
e Gagarin 
ould, in prin
iple, measure any arbitraryve
tor Ai relative to ui of small bodies in his free-falling system of referen
e, andthis D makes a 
ovariant de�nition working in any system.Kîâàðèàíòíóþ ïðîèçâîäíóþ òåíçîðîâ îïðåäåëÿþò ÷åðåç D è èñïîëüçóþò ðàç-íûå îáîçíà÷åíèÿ, íàïðèìåð:
DAi

Dxm
≡ Ai

;m = ∂mAi + Γi
nmAn = Ai

,m + Γi
nmAn ,è

DAi

Dxm
≡ Ai;m = ∂mAi − Γn

imAn = Ai,m − Γn
imAn .×åì áîëüøå èíäåêñîâ ó òåíçîðà, òåì áîëüøå ñèìâîëîâ Êðèñòî��åëÿ äîáàâ-ëÿåòñÿ ñ ïëþñîì äëÿ âåðõíèõ èíäåêñîâ è ñ ìèíóñîì äëÿ íèæíèõ. Ñì. ëþáîéñòàíäàðòíûé ó÷åáíèê ïî ÎÒÎ.Íàéä¼ì êîâàðèàíòíóþ ïðîèçâîäíóþ ìåòðèêè:

gik;m = ∂mgik − Γj
imgjk − Γj

kmgij = ∂mgik − Γkim − Γikm

= ∂mgik − 1

2

(

∂mgik + ∂igmk
:::::

− ∂kgim

)

− 1

2

(

∂mgki + ∂kgmi − ∂igkm
:::::

)

= 0.5



Çäåñü ÷ëåíû, ïîä÷¼ðêíóòûå îäèíàêîâûìè ñèìâîëàìè, âçàèìíî óíè÷òîæàþòñÿïðè ó÷¼òå ñèììåòðèè gik = gki. Îòñþäà äëÿ êîâàðèàíòíîãî äè��åðåíöèàëà
Dgik = 0 è

DAi = D(gikA
k) = gikDAk + AkDgik = gikDAk ,êàê è äîëæíî áûòü äëÿ âåêòîðîâ (àíàëîãè÷íî è äëÿ ëþáûõ äðóãèõ òåíçîðîâ).ËË (è Âèõëèíèí) èìåííî èç ýòîãî ñâîéñòâà gik;m = 0 âûâîäÿò ñâÿçü ñèìâîëîâÊðèñòî��åëÿ ñ ìåòðèêîé.2.4 Ââåäåíèå òåíçîðà êðèâèçíûHaving a de�nition of parallel transport of ve
tors, we 
an measure the things likethe ex
ess of angles Σ△− π in a triangle, just doing a loop with a ve
tor along thetriangle and measuring the angle between the dire
tions of initial and �nal ve
tors.In the 
ase of a 2D-sphere let us go out from the pole with a ve
tor along meridian.On equator we go keeping it perpendi
ular to the path, and then return ba
k tothe pole along another meridian. The �nal rotation of the ve
tor is α = Σ△ − π.For small α

|∆ ~A| ≈ | ~A|α = | ~A|S/R2,where S is the triangle area, ∆ ~A ⊥ ~A, sin
e the length of the ve
tor does not
hange.Via 
omponents we 
an write ~A = (A1, A2) in a 2D-spa
e with 
oordinates x1, x2for the parallel transport over a small 
ontour with area ∆f :
∆A1 = κ A2 ∆f,

∆A2 = −κ A1 ∆f,i.e. the matrix of transformation is (

0 κ
−κ 0

). Here κ is the internal 
urvature(equal κ = 1/R2 for a sphere).In 3D, 4D et
. we have a similar formula for 
omponents of the ve
tor but nowwe have to add information on the orientation of the area in spa
e, hen
e we addindexes: ∆f lm, and write
∆Ak =

1

2
Ri

klmAi ∆f lm,here Ri
klm is the 
urvature tensor.For parallel transport DAk = 0, hen
e the 
hange of 
omponents of Ak is

δAk = Γi
kmAidxmthen

∆Ak =

∮

δAk =

∮

Γi
kmAidxm6



and the 
ontour integral redu
es to the surfa
e one over ∆f lm via Stokes theorem,so one gets
Ri

klm =
∂Γi

km

∂xl
− ∂Γi

kl

∂xm
+ Γi

nlΓ
n
km − Γi

nmΓn
kl ,ñì. ñòàíäàðòíûå ó÷åáíèêè. Íàø âûáîð èíäåêñîâ è çíàêîâ ñîîòâåòñòâóåò ËË(Ëàíäàó-Ëè�øèöó).Due to symmetries Ri

klm has 20 independent 
omponents in 4D 
ase. Thus Ri
klm isexpressed through gik, ∂gik/∂xl, and ∂2gik/∂xl∂xm. So if the �eld gik is known,then the 
urvature is known in every point.3 Âû÷èñëåíèå òåíçîðîâ �è÷÷è è ò.ï.Ïî ìåòðèêå ìîæíî ìåõàíè÷åñêè âû÷èñëèòü êîý��èöèåíòû ñâÿçíîñòè

Γi
mn è òåíçîð êðèâèçíû Ri

klm. Äëÿ äåéñòâèÿ �èëüáåðòà íàì íóæåí òîëüêîñêàëÿð �è÷÷è (Ri

i)
R = gikRik ,ãäå
Rik = Rm

imk� òåíçîð �è÷÷è. Âîçìîæíî è äðóãîå îïðåäåëåíèå Rik = Rm
ikm, à ïîñêîëüêóòåíçîð �èìàíà àíòèñèììåòðè÷åí ïî ïîñëåäíåé ïàðå èíäåêñîâ (Rj

ikm =
−Rj

imk), çíàêè Rik è R ìåíÿþòñÿ. Ê ñîæàëåíèþ, ïîäâåðæåí ïðîèçâîëó èâûáîð çíàêà òåíçîðà �èìàíà Rj
ikm. ß ñòàðàþñü ñëåäîâàòü îïðåäåëåíèÿìè ñîãëàøåíèÿì î çíàêàõ ËË (Ëàíäàó-Ëè�øèöà). Áóäüòå âíèìàòåëüíûçäåñü ñî çíàêàìè òåíçîðîâ �èìàíà è �è÷÷è - îíè ìîãóò áûòü ñîâñåìðàçëè÷íû â ðàçëè÷íûõ ó÷åáíèêàõ! Íà �îðçàöå ó÷åáíèêà MTW (Ìèçíåð,Òîðí è Óèëåð) äàíà îãðîìíàÿ òàáëèöà ñîîòâåòñòâèÿ çíàêîâ â ðàçíûõêíèãàõ.4 Equations for metri
First, we 
onsider gravity only outside massive bodies, i.e. in va
uum. TheEinstein equations that govern the behaviour of the relativisti
 gravitationalpotentials, i.e. of the metri
, 
an be derived from the least a
tion prin
iple.The a
tion for metri
 (
alled the Hilbert a
tion) should be the integral overspa
etime of a Lagrange density:

SH =

∫

LHd4x .

7



The Lagrange density LH is a tensor density, whi
h 
an be written as √−gtimes a s
alar. The fa
tor √−g =
√
− det gik simply makes a physi
al 4-volume out of the 
oordinate volume element d4x. What s
alars 
an be madeout of the metri
? The only independent s
alar 
onstru
ted from the metri
,whi
h is not higher than se
ond order in its derivatives, is the Ri

i s
alar
urvature R = gikRik (where Rik = Rm
ikm is the Ri

i tensor). Hilbert wasthe �rst to understand that GR 
an be derived from the a
tion with thissimplest possible 
hoi
e for a Lagrangian, and proposed

LH =
c3

16πG

√−gR .Long ago Cli�ord 
onje
tured that the empty spa
e has its own elasti
ity.One 
an say that L des
ribes this elasti
ity, or better to say rigidity, thetenden
y of the spa
e to remain �at. The 
onstant c3/16πG is high andre�e
ts the fa
t that the spa
e is weakly 
urved be
ause its rigidity is high.The number c3/16πG has a dimension. If we say it is big, then it is not 
learrelative to what? The dimensionless measure is Gm2/~c, analogous to e.m.
onstant e2/~c = 1/137. From this we get the Plan
k mass
mPl =

√

c~/G ≃ 10−5g ≃ 1019 GeVA typi
al length for this mass is:
lPl =

~

mPlc
=

√

G~

c3
= 10−33 
m.It is 
lear that lPl is rg for the Plan
k mass. Thus the spa
e is strongly
urved at the distan
e lPl from mass mPl. For nu
leons m ∼ 10−24 g ≪ mPl,

l ∼ 10−13 cm ≫ lPl, i.e. the e�e
ts of gravity and 
urvature are small in thevolume of parti
les. This illustrates the high rigidity of va
uum.The equations of motion, here the Einstein equations for the �eld gik, should
ome from varying the a
tion with respe
t to the metri
. But again, as in the
ase of orbits, the expli
it form of equations is not needed very often, sin
etheir integrals already `sit' in the Lagrangian.Let us see this, deriving the S
hwarzs
hild metri
 from Hilbert a
tion
8


